Interpolation of entropy numbers
and of

the measure of non-compactness



Riesz-Thorin Theorem.
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INTERPOLATION METHODS

A = (Ap, A1) interpolation couple.

a=

K(taA) = it {llaolla, + tlailla,}

J(t, a; A) = max {[|al| ay, tl|all1,}

K AND J SPACES

(Ao, A1)g.q.s consists of all a = > uy,

=

Jalloges = inf { (% (272" u)")

.

(Ao, A1)g.q.1c consists of all a € > (A)

=

Jallore = (T (277K (2" @)))" < o0
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Norm Estimates

T : Agy — Byl < ClTapn, " T8




COMPACTNESS

Krasnoselskij Theorem, 1960.
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1/p = (1-0)/po+0/p1, 1/q = (1-0)/q0+0/q1 and gy < cc.

Cobos, Kiihn, Schonbek 1992 / Cwikel 1992.
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Interpolation Properties

of the entropy numbers

A intermediate space for A = (A, A1).

A e CK(Q,Z) < A(z) — A — (A(), Al)&,oo

| K(t,a) < Ctal|4

Ae CJ(@,Z) < (Ao, Al)g’l — A — Z(Z)

Zg,q c Ck(0,q) N Cy0,q).




en—i—m—l(T A — B) < zcem(TAo,Bo>1_06n<TAO,BO>9




2n—1

ro > en(T 1 Ag — B) <= T(U4,) C Uj_; B(yj,70)

ri> en(T: Ay — B) < T(Uy,) C U2, Bz, o)

(1) AeCx(0,A)=tK(t,a) < Clala4

t::—é,aeuA then a = ag + ay

0
laoll 4y + Bllal|A; < C(1 +¢) (_(1))




Tag EB(yj, (1+ €)CT1 o 8)

Ta, €B(Z, (14 &)Cri %))

Since T'a = Tag + T'ay
Ta € B(y; + Zp, (1 +£)2Cry~ o)

1<j<2land 1 <k <2mt

€n+m—1(T : A - B) S 206m<TA0,B)1_06n(TA1,B>0




€n+m—1<T . AQ,q — Be,q) S 20€m<TAO,Bo)1_96n<TA1aBl>9
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Measure of non-Compactness

T:-A— B

B(T) is the infimum of all r > 0

T(UA) C O{bj + ’I“uB}.

J=1

B(T) = lim,, e, (T)

e 0 < A3(T) < |T|

e T is compact iff G(T") =0
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By Ag
AT/ \TB
T\B1 Al/T

6n—|—m—1<T . Zejq — F@,q) S 206m<TAO,BO)1_96n<TA07BO)9

B(T : Ag,y — Bog) < 2CB8(Tay,5,)" 'B(Tay.5,)"
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< B(T:Ap,— Byy) <208(Tagp,) 'B(Ta,5)0 >
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Approximation Hypothesis. B = (B, B;)
satisfies the Approximation Hypothesis if:

Given € > 0, F{ and F}

P € L(B, B)s.t.

(¢) P : B — By is compact, k =0 or 1.
(ii) P(By) C A(B) for k=0, 1.

(iii) | I — Pllx < Cp and ||z — Pz||p, < e

forall x € F., k=0,1.

Example. X is a locally compact space

with a positive measure i, 1 < pg, p1 < 00,

{Lpo(Xa f), Ly, (X, N)}

satisfies the Approximation Hypothesis



Persson Theorem. Let B = (B, B;)

with Approximation Hypothesis, then

T
B
Compact 0

- T -
- ; A‘g’q Compact B‘g’q

B

Edmunds & Teixeira.
T:A— B,

B with the Approximation Hypothesis, then

B(T : Ag,y — Bog) < 2CB(Tay,5,)" "8(Ta,.5)"
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Proof. Given ¢ > 0 3P € L(B, B) s+t.

(¢) P : By — By is compact, k =0 or 1.

(22) P(By) C A(B) for k=0, 1.

(iid) | T — PT||;, < CoB(Ta,5,) + ¢, k=0,1.

I'=T1T—PI'+ PT

0
B(T) < AT — PT) + BPT)

B(T - PT) < ||T - PT|lz,, 3, <
O|T — PT||3 5 IT — PT|%, 5, <
C(CoBo(T) + ) (C51(T) + €)’.
O
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Interpolation of the measure of non-compactness

by the real method

by
FERNANDO COBOS, PEDRO FERNANDEZ-MARTINEZ AND
ANTON MARTINEZ
Theorem 1. Let (Ay, A1) and (By, B1) be Banach couples
and let T be a linear operator such thatT' : Ay — By and

T : Ay — By are bounded. Then for any 1 < q < oo and

0 <6 <1 we have

Boq(T) < CBR(T)' "By (T)’

where C' = 1629(3 — 20 — 21-0)~1,

Studia Math. 135 (1999), 1, 25-38.
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T:A— B
1Tl e < enc(IT Mo, [1T]1)-
DNt 18!
- Homogeneous of degree 1.

- Non-decreasing in each variable.

ot ) - 0ast — 0, k=0,1.

Theorem 2. B = (B, B;) quasi-Banach
couple with A.H., and M as above, then

for any T : A — B,

5(T : M<Z> - M(ED < CSOM(ﬁ(TAO,Bo)a 6<TA1,31>>'
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PARAMETER FUNCTION
p:(0,00) — (0,00) s.t.
p(t) increases 0 " oo

t
? decreases oo \, 0

Sp(A) = o(max{1l, \})

Au
where s,(\) = sup, %.
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(FUSTAVSSON-PEETRE &= METHOD

(A, p) collection of all @ = > uy,

1D em2™ ||, < Csup el
T meZ
hold for some constant C, any finite set &

and 7 =0, 1.

Example. Let pg < pyand 0 < 0 < 1,

then

<Lp07 LPI’ (I)> = L7

¢ = 2”(log(e + x))*(log(e + =))”
p = 2P(log(e + x))"P(log(e + =)~
I/p=(1-0)/po+0/p:.
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OVCHINNIKOV METHOD

H1<Z) = COl"bé1 ) [81, £1<2—n>} (X),

(m

the space of all elements a € X(A) such that

sup {||TaH€1( | )} < o0

T 7<1 ey

where 6_1 = (61, 61(2_77’))
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(GENERALIZED K AND J METHODS

[" a sequence lattice with all finite sequences

a € (Ao, A1)pgrx <= K(2",a) € fq(2_9m)

Assume (min1,2") € T

a € (A(), Al)F;K <~ K(Qm, CL) el

Assume sup  { ) minl,277¢,|}
1(€m)lIr<1 Z,;

a < (A(),Al)F;J < J(Qm,um) el
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(Lla LOO)H,q ~ Ly g

(L1, Le)r ~ Ly o(logL)’
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