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Group T heoretic

Lnvariants of
[ inks and 3-manitolds

Skc\\y H arvey
Rice \kn}versiJrY

Jome work jotny w] T.Cohran or S. Friedl



et M= compact, onentable
3-manitold , Q=1 M.

we will '\V\Veﬂﬁﬁod‘e inVariants
of M associated to ¢:G—1"
when ' o o “nice” qroup

(ie. ZT' is an Ore domain )
ond T s @anonically-
associated to G.



3 ‘\V\\IO\T\QH\'S assou'ajreo\ To Paif
(M,d):ﬂ‘l(\/\——‘»r) .

j_, P*ray\ks ofF M :
(M) = rank, Hi(Mp)
L, ['-degrees of M:
5.t H (M;2) — Z
3 T p-invariants of M-z
o (M) e R




Rem()rki C. Leidy has Studied
the Wigher-order Blanchfield
1Corms BIP(I"U associatA fo

(M, V)




EX(UY\P\QS O{— P‘—" G/H, S—i)( an hz O -

1. H= G‘;\z nth ferm of (carional )
lower central series of G.
*& H= G\m nt Yerm 0§ (rakional )
derived series of G.
*3. H= Q(:)= N2 term of dorsion-
Tree derived series of G.
4 W= G“‘) _ ""(\G refined
G( Yocsion-free \

(n)

— (-2 - G(n ) (zr;-



Note: Each of +he groups "

on last page are solvable with

Torsion-{ree quotients (PTFA)
hence ZM & an Ore domain

~~AP 4 M= ’ wo Hent '936(0(
£ — K(T) ‘_%F Ui

g 22"V K(Z") =] Brte)

av(x., ...,x,.{
P4 multivanable oo lynomials




Tn parﬁcm\ar,
. jd A 1S A rij‘/r} [“module

+hen A Was a wel|l-defined
rank ; rank. A.

~—> rank, B = rank, A+ rank, C



All of +he invariants defined
aloove ore \ﬂomeomorfphi:m

INV o ants, we would liKe
Yo understand Which give
INvariants of homology
(oovdism (o concordance Sor

Knots and links ) |



,‘omeomor?hifm Tnvte
Dk 3- Manifolds

r:\:‘S(H“o’}?\{ TInvis of
C Knots and Links

L




1) Higher- order rankg

let T,z G/G." where Q. = G and
Gn\ S-Laea(v\( gl&C[Gr (: GL:\):S

)

for some
IK¥ 0

(M= ran K Hy |

M, )

§

|

Where M, = reqular n=cover
ot M Lor\rquhding o

G=TTM— [ =

G/ (n)



Propcrh@ of T4
(1) 7w only depends o 1,(M)
- con be defined for ang group G

(1) 1y is a decreasing in n *

Thm(H): For any M -
022 (M) £ My (M) e €1, M) 2 b(M)-1



({1 IF M fibers over S* then
rn(“/\\: 0,

V) (M) can be interpretted as

e L-ficst beli number g,)(r'\p,}
(ovcesponding b cover Mp,

(V) Gn generalizes Alexander nu\\ijr\/
ro(s3_ L_) = dy (L-)



Recall

dolL)=rank  H,((6-L),)

U\)he‘fe M&\o— “'x‘ &‘DC\\&V\ (bVer D'G M
and  L=m-tomponent link in S.

e o (L) 15 « (onordane invanamt

" “

§;<

(@)L

I¢ L and L (obound
i\ %?Dlog\cal\ﬂ —S:\M‘
annulpns th $7X

en o, (L) = 0( (L>




(s-L) _QD_\: (on cordance Trvarant

—

Cx: [= (;—,;) Cable of K#-K
= boun dary linK

K= frefil LC/))

K#-K = s\ice (oncordant o O)
= L=slie (~ 4 O O )
(W(S-L)= 0 * 1=r,(5-00)
for n21.




WidProp (1) TE L is an m-emp qood
bOde(NY ‘\‘ﬂk (Firﬁ' homolo\m of
free tover s trivial ) +Hhen
rn(53- L)= m-| (nayimal)

= Whitehea d

34 (\@ double of
s @/j) Bor romean rings

G (s2)=2)

¢ n=o0.




o, Figher-order degrees of M
Given Ve H'(M;2) = Hom (G, 2)
9(’,4' Y G/Q(:*')—QZ for each n2o.
Then [z ker(¥) 1, PTFA.

Since. H,(Mp) is a right 2[,-

W\Od\/\\f:) H({M,) & a 2 -module
via ZMc £

S (¥)= rank, . H(Mn)

)




Properties of S H(M)— Z

(1) Thm (Friedl-H): 8a can be
extended 1o a (semi-)norm on H(M; R)
In parfiwlar,

(S0, +B)E Salb) + 5, (42

for eath 030 and W eRB'(M: ).
(D) Thm(H): T& bMm)yz 2,

Lgo(_\f_ égh'\(‘—)s g"(,_)f._ el & ” —,E\




(i) Do an be interpretted as +he
Alexander norm (defined (a7 (. McMallen)
('N) Thm (Friedl-H): There is a
multivariadole skew Lanrent polynomial
5:‘,\2 Zaxxx where X=(¥,,..,5¥m)
A &y € K= quokient field of ZT"
(genem\i%\nﬁ Hhe munltivari able
Alex ander Po\\{nom'\a\ AM\ St

Al = Supgjﬂx“) “‘HX‘SS\ 0y OnF o§



(V) If ¥ represents a Hibration of

M over S (bM322) Jhen
NPIl:= §n(W)

(V) TF MxS (M ‘\rr"éogl‘(fc'\h\D admits
13 S\jMP\ecﬁc Sruckure  then Hhere
15 a YeR(M;2) st Wl= Salp)
for all n3 0.

(WiD) Tham (1) There exist cxamqu w/
d=) ¢ §() ¢ <8 1-) (cﬁr\bi%-r“@)



~5 T5 X is e of Previows exarmples
Hrhen XSt doec not admit QS\JMP\CLHL
struckure (nor doer X Hber over §*)

Wii)Pop (1) TF F:mM—> N
bM)=b,(N)22, r,(M)=0 Hien For
ol e H'(N;2),

S (fFfe) = §, (¢)



Corollar{r I Jand K knots,
fem(8-3) =2 m(S-K) surjective
and S, (K)= Qj(K)"l (hz1) Ko

9(3) 2 9(K) (g7 gon)

e (zives PaH—\a\ answer o [tmerhm o

J. Stmons " TE& S X knots, ¥:§-T=5K
Swrjechive o T | ig 4(3) 2 40"

Known when (1K) =deg Ay =29(K)
o stmilar Statement for | I+



(V) Can define S For ”‘“j @ and
$:G— 1 where T PTFA, S,:H(rZ)72

Thm(®): T g—DN— " (wt Mifiel”),
def(6)21 or G=T,M then
S,(4)28.(¥) ¥V ¢ehna

~ 3n gives obstruchims b a
growp beiry Hhe fundamental grog

4 Imamfold (or having  positve
defcenty )



Homo(o\gtj Cobordism
Tnvanants of 3-manib(ds

:
link (onCordance ImmLSS




R_ggl(‘ Mo humolojy (obordant v NV
£ there is a Y-manifld W sit.
W=MUM, ank (:M—W (;:N—W)
Wduees Maunoms g Hyel-32).

Ex: L,L,e=S links M
TE L, (onordant b Lo f\/\/
- - =

N

then MLf O-swgery m L,
1€ \/\omo\agﬂ cob ordant o T"\L,,_,



Heme L:M—W s a V\oMolgﬂ
gquivalente . What is preser ved wdker
(’at "TrlM — Trlw ?
EX'. l',*'. r‘,(M)F gﬁ) ‘IT|\,\/
[m N, T,M) [mW, W)
T_\Qm (SJral\‘mf]ﬂ‘ Let ¢:A—B be

hom. of groups sy, 6(3 I Ales ma H,
nd  epimorphism mm H, . Then for all n,

C()*" _/d\_ = N B A= lower tendryg |
AV\ Br\ Series ok A

112




~ Can define arionw (on(ordance
invariants of links (like Milnory
Ihvamants, etc ).

What about derived series ¢
EX: K=knot in S wih A+1
GﬁT\',(S’- K) , ¢ G('——92 abelianizatsn
'CP* = om HL’H',_ (S3~I< wphm‘caﬂ
 27=0, Q/GY+0 ~ G5 “big"
b /60— 2/z>=2 (")



Thm (Cochran-#): ITf ¢: F—B

induces mono o Hi(-; @) and an
Ep\mor phiemy e H, (-~ @) [F free 9p
B hin re\a{-eo\} then ¥V nz 1,

q>*’—:" C—%E——

Note: For applications, only. need
0. monomorohism (as abow) |11



As a corollau'g, define higher-order
Alexander nullity (L) for link L *

L. Consider Fm)—=— M (s>L)=:6

@ mensdina|l map.
Y
Hl((g-uh\ i a module over Z[F/F""]
via F/F™— G/g™
De(ﬁnc - ()= mnkF/F,M,)H,((52~ L), )
(S-L), = Cowr (ovresponding 5




Propcr+ €S

. ﬂcncra\f%CJ A)@M"‘MV ”“u‘\%?f

‘ M(H)’ T+ L s shice Hhen
A L) = m-l = olp(trivial )  Fovr
all n)

Come()rv\\re LAy 1S 4 Concordane
invarant.




To get invt of 3-mEld need new
SENES 1 Torsiom-free devived series

. (I:) . = G
. Gwn::[ 3 0¥ T k¥ e ZLG/50)
H X Gy | st

\ m ;g% <Gy, Gy |

Note: Gy Ker (G 6y fg o 2K (9%60)

H S g
(n) (n) (n)
< Gr < Gt\

* G



Fx: F=¥free group

S (e F("’/F""‘" s forsg' m-Free
as & ZIF/F)-module ~

(n) (n)
P = F

s

VYV nz 0

Ey: K= knot in § G M=K

Oth @ G(m/(im 1 Q Jm(‘!\v'\ module,

206,06

—

¢ n> 1



Thm (Cochran-#): T§ ¢:A—B L
monw o B (- @) ank epr m H,(-; @)
‘:A +.9..8B Lrelahdl  Yhen v ean

i,
cb# —/&—" %—B—m—)

w @ MondMoephism .
TH ¢ u = on B(-5 @) Hnen
m/ L I Y B w') have Same

Can K (ovur re_cpechw. rings)



' (g=TM)
J H'\g‘f\er-order ranks of T{)(G
R.(M) = rank H, (M

&/

| ot M
where ‘\/\+f\ = (Duewn’\j sPace

(n)

(orresp onding v Q,

:LE Mand N are 0
Cﬁgﬂ\o?;‘gg E\;\ooro\mjr then R, (M)=R,

ls R (S3 L) = An(L) For all [inks
&- > Rn\o~
and nz 1 3




3. Rigner-order p-invis : Pa(M) € R
Lt 6: G—G6/G"  then (M, ¢,)
s Staddy nullbordant | 3 Y-mHd W
and TWIA sk 9W=M and

G=TT,M —2 G/gH

el

mW Y . N

(\l\l)‘—l’) 1S (alled a s-nullbordism for
(M)(()V\\




LQWY\A‘: T+ (W, )LV;\ ave  s-pull bordisms
Yren W, 1) -5 W)= 7w, ¥, ) - W)

Dedine On (M= (W, - (W)
Sov O\V\(j s-null bordism (W, ¥) forr (M}¢h).

PrOJzerwl;fJ
(i) Same as (heeger-Gromov O- mvanant
() K= krot+ m S°, 0,,= Levine Tristram sign.
Q,,(MK)-—'- S 0, (K) dw € R
A S

0-suwrgery on K



’E\_h_ﬂ("/)’ (0,‘ 5 ah Mvan'an+ o F
homolojy (obordism

Thm(B): For eash N0, the /maje 7]
Pn‘gg-ManifuM 0S—R is dens and
l‘h(:w'ni/'ely generated m R,

Ldes of Proof: WUse B‘mj double o€

Knot K~ {LKS L—K

Shoo 0,(110, )= Po(M ) @




Consider +he (ochran-0rr- Teichner
‘H [trafim OZ {H‘h’nj) //n‘/< (0N Wrdatice

group :
(‘7;:") - ‘Z[(n-n c o © ‘S’?”c {'rfb,c LO(M)

Tl ZF Le T, +hen pulL)=0.
Thn (#): For eath n20 (m22a),

3"’/‘?(-',-;/) Contains an in‘}iwijre(«a,

gnerated  Swogronp  (unknown
"\‘OY knots (m=1) when h’/'S).



For o\fplimﬁm&, T 1S weefnl P weaken
Hoa (pnditiom in S\'al\'mgs‘ he srem .

Thm (W. Dwyer): Let ¢:A—B be
st. © Wwhuws = om B, Then $or
oY N, the following are equivalent :

* © tnduces A/An-H = B/Bm,\
v © Mdn et epimor phicn

Ha(AY/ G (A — Ha®) /& ()
Waere  ®, (A) = ker( BylA)—s Hl A/AL))



For a groap A, let X=K(A,1).

Known Fhat &n(A)= subgroup

of ve Ho(X) st X (an be
represeated by an oriented gurface

b 2‘“’ X st dor some svmplech'c

bOLS\S 0t (wrves §a;, b, \\-‘-5% D+ f
F (D) e m (X0, b

b,
a, 4.

2




Let A= growp , Y= K(A D).

Define @, < Hu(X)= HL(AY by

@S“): swbo ﬁ‘rou‘) of X € H,_(Z} -H'VH'
(wn be represented b‘a. f:2,—X
Slt‘ ‘Y'DY Some SUM'PW(.‘HC bas'\.f

7 03,b; | (¢43 of mrves M 24,
£ (e 0oy & & ()™,



Thw (Codrran- 1) : Let ¢:A —B
(A fin.gen, B fin rel) st. @ induces
a mono m H, (@) . Lf

b, Ha(A) — Hx(B) /& 78D
s suriechive  +hen @ induces a
Monomoy phism

A B

é
(Ktl) (et
A By

o k<n




Aﬂﬂim‘ﬁ 5N S

I, Given set 9,,..,3.3 of G ,tht
Ave \inmrltj Independent 1 H(G).

IF H.(G) is represented b'.f) ‘n-gropes’

‘”\CV\ F/F(n+l) N G]/G(Ml)
Tn Parti wular, G 'y ot hi\Po—]-m+.

)



2. Thn (Gchran-W1): T Lwmk L
bounds disyomt embedded g4ropes
0k ‘/\{ij\n‘\’ (h+2) +hen
M (-1
Tr\ (53- L)(l_;‘“)

> =bottom stage of qvope

M| Qpall)= 0 /ﬂ




Queshons

|. Massey products ave higher-order
Lohomo\ow operahon relared o

lower contral series. Are Here (0homology
operahons rvelated fo derived series?

4. Mixed Hodge Structuves associakd o
T/ mw), (V- algebriic vanety)
XISt , e been wseful in Algebraic
Gemetry. (an one dv this for (V) Jre (5™




3. C.Leldy and L. Maxim

have Studied S, o plane curves
h € What more an we Sa4)

about urves using these types of
MNvaniads ¢

. Ceneralizations pf Shlling s’ and
qucr’s ZP‘-J%eorem.r for-
derived Series !

5“Ra*\0hal Homo-h;p\/ ﬂ\eoﬁj fov
Solyable Growps's



