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The Lévy insurance risk model:

Rit)=u+ct— X(t), t>0,

where (X (t)):>0 is a subordinator without drift.
Lévy-Khintchine representation: Ee X®) = ¢t®(®) for § > 0 and

B(0) = /R (1= =)y (dar)

X has Lévy measure Il x.

Assumptions:

e X has increasing sample paths: it has only upwards jumps.
Then IIx(—o00,0] = 0 and f[o,1) 21l x (dz) < oo.

e R has positive drift: EX(1)/c <1



Ruin probability (Pollacek-Khinchine formula)

Y(u) = P(R(t) <0 for somet > 0)

= P (X(t) — ct > u for some t > 0)

= (1—p)) p"H™(u) u>0

where H(z) := %foxﬁx(y)dy for x > 0, and IIx(y) = x([y,o0)), y > 0, is

called tail-integral.

p=FEX(1)=["Tx(y)dy, H=1—-H, p=p/c<1.

Example X compound Poisson = II(z) = A\F(x), p = AEY. []



Insurance portfolios

We consider the risk process of a portfolio consisting of d components

R(t) = Ri(t)+-+ Ra(l)
up - tug— (14 +cqg)t — (X)) +---+ Xg(t)) t>0

where (X1,..., Xy) is a d-dimensional subordinator.

First note that X (¢) = X1(¢) +--- 4+ X4(t), t > 0, is also a subordinator.



Ruin probability (Pollacek-Khinchine formula)

Y(u) = P(R(t) <0 for somet > 0)

= P (X(t) — ct > u for some t > 0)

= (1—p)) p"H™(u) u>0

where u =uy +---+ug, c=c1+ -+ cy,

H(w) =1 [T (y)dy for = > 0,

T (y) = My s x,(y), = EX(1) = [°T (y)dy, p = p/ec.

Question
What is the influence of the dependence on the ruin probability?



Modelling dependence of Lévy processes Invoking the copula idea:

Definition [Copula]
A d-dimensional copula C is a distribution function on [0,1]¢ with standard

uniform marginals. ]

Properties C':[0,1]¢ — [0, 1] satisfies

(i) Cf(uq,...,uq) is increasing in each component.

(”) C(Ul,---,Ui_l,O,u7;+1,---,Ud)
(i) C(1,...,1,u;,1,...,1) =wu; forall i € {1,...,d}, u; € [0,1].
(iv) For all (ay,...,aq),(b1,...,bq) € [0,1]¢ with a; < b; we have

2 2
Z e Z (_1)i1+m+idc(u1i17 e 7udid) >0
i1=1  ig=1

where Uj1 = a; and Ujo = bj for all 5 € {1, Ce ,d}



Theorem [Sklar's Theorem]

Let F' be a joint distribution function with marginals Fi,..., F,;. Then there
exists a copula C': [0,1]¢ — [0, 1] such that for all z1,...,24 € R = [—00, o0]
F(as,...,2a) = C(Fi(x1), .., Fa(xa)). (1)

If the marginals are continuous, then C' is unique. Conversely, if C is a copula
and Fi, ..., Fy are distribution functions, then the function F' as defined in (1) is

a joint distribution function with marginals Fi, ..., Fy. []



Question Can we use copulas to model dependence of Lévy processes?

Problems
The law of a Lévy process X is completely determined by the distribution of X
at time ¢t for some t > 0.

The copula C; of (X1(%),...,X4(t)) may depend on t. In general, C's cannot be

calculated from C}, because (s depends also on the marginal distributions.

For given infinitely divisible marginal distributions it is unclear, which copulas
C'; yield multivariate infinite divisible distributions. (Copulas are invariant under

strictly increasing transformations, infinite divisibility is not!)

Introduce Lévy copula
[ Tankov (2003), Kallsen & Tankov (2004), Barndorff-Nielsen & Lindner (2004)].

For a subordinator, the Lévy measure plays the same role as the probability

measure for random variables.



Problem Lévy measures may have a non-integrable singularity at 0.
Remedy Define a copula for the tail integral.

Definition Let II be a Lévy measure on [0, c0)<.

Its tail integral II : [0, c0]? — [0, o0] is such that

{ II([x1,00) X -+ X [xg,00)) for x € [0,00]?\ {0},

1) (zq,...,2q) =
(1) I ) 00 for x = 0;

(2) I is equal to 0, if one of its arguments is oo;

(3) II(0, ..., 2, ...,0) = IL;(x;), where II;(x;) = II([z;, 00)).



Definition [Subordinator copula/ S-copula]

A d-dimensional S-copula is a measure defining function S : [0, 00]? — [0, o0]

with marginals, which are the identity functions on [0, co]. ]

Properties Let S : [0,00]? — [0, 00] have domain D; x --- x Dy and denote

gz’ = minDi, U; = maXDz- for 1 = 1,...,d.

1) S(y1,...,yq) is increasing in each component

(
(”) S(yly' K 7yi—17£i7yi+l SR 7yd) = 0 for all i € {17 . 7d}' Yi € Dz

(III) S(ul, ce ey Ug—15Y5 Uj41 - - - ,’U,d) = Y; for all 7 € {1, e ,d}, Yi € Dz
(iv) For all (a1,...,aq),(b1,...,b5) € D1 X -+ x Dg with a; < b; we have

2 2
Z ce Z (_1)11—|—...—|—zd5(y12.17 o 7ydz‘d) > ()
11=1 1g=1

where Yi1 = aj and Yjo = bj for all 5 € {1, Ceey d}



Theorem [Sklar's Theorem for S-copulae]

Let II be the tail integral of a d-dimensional subordinator with marginal tail
integrals I1;,...,II;. Then there exists a Lévy copula S : [0, 00]¢ — [0, oo] such
that for all y1,...,yq € [0, 0]

H(y1, ..., yqa) = S(1(y1), - .., Ma(ya))- (2)

If the marginal tail integrals are continuous on [0, o], then S'is unique. Otherwise,
it is unique on Ranll; x --- x Ranlly.

Conversely, if S is a S-copula and IIy, ..., II; are marginal tail integrals, then II
as defined in (2) is a joint tail-integral with marginals IIy, ..., II,. O



Examples of S-copulas

Example [Independence S-copula]
Let X = (X4,...,X4) be a subordinator with characteristic triplet (c,0,v).

Its componenents are independent iff
d
v(A) =) ui(4;) AeBRY
i=1

where A; = {x €¢ R : (0,...,0,2,0,...,0) € A}, where = stands at the ith

component. For the tail integral this means for x = (z1,...,x4)

ﬁ(:l?) — ﬁ1 (ajl)‘[{x2:...:$d20} el e ﬁd(xd)-[{:clz...:wd_120}'
This implies the S-copula

SJ_(xl, “ e ,xd) — il?l]{@:m:xd:oo} _|_ tee —I_ xdl{mlz...:xd_lzoo}' |:|



Example [Complete dependence S-copula]
Let X = (Xq,...,X4) be a subordinator with equal components. Its Lévy

measure is given by v(xq,...,2q) = v1(21) {5, =gy=..=z,}- For the tail integral

this means for x = (x1,...,x4)

II(z) = / ( )Hl(u)du = min(Ily(z1), ..., g(xq)).

This implies the S-copula

Si(x1,...,2q) = min(xy,...,zq). []



Example [Archimedian S-copula]

Let ¢ : |0,00] a strictly decreasing function with ¢(0) = oo and ¢(c0) = 0.
k  —

Assume furthermore that ¢~ has derivatives up to order d with (—1)" %k(t) >

0 for Kk =1,...,d. Then the following is an S-copula

S(x1,... 2a) = 07 (d(x1) 4 - + O(zq)). [

Example [Clayton S-copula]
Take ¢(t) =t~ for # > 0. Then the Archimedian S-copula

So(1, .. wa) = (27" + -+ ag )70

is called Clayton S-copula. Note that

limp—.oo So(x1,...,2a4) = S)(T1,...,2q)

limg g Sg(x1,...,24) =S (x1,...,249) ]



Proposition [Lévy measure of bivariate sum]
Let X = (X1, X3) be a bivariate subordinator and X = X; + X5. Assume
that the Lévy measures IIy, I, are absolutely continuous on (0,00) and that

the S-copula is two times continuously differentiable on (0,00)? satisfying

85(“ v) |, T, (a).0—0 = 0- Then X has tail integral

ﬁ+<z> — H+<[z,oo>>
= € (0,00)% : & +y > z}) + ({0} x [2,00)) + TI([z, 00) x {0})
/ /(z )+ ’ gugvv) ‘“:ﬁl(w)w:ﬁQ(y)Hl(dx)l_b(dy)
FII({0} x [2,00)) + TI([z,00) x {0})

- /OOO aS(u,ﬁQéS —2)+) ity (T (d2) + TL({0} x [z, 00)) + TL([2, 00) x {0}).




Bivariate compound Poisson model

Let X1, X5 be compound Poisson processes both with Poisson intensity A and
claim size distribution function F'. Assume that X, X5 have a Clayton S-

copula with parameter 6 > 0. Then
T (2) = M1 (2) + Io(2) + 2I5(2)), 2> 0,

where

N(z) = /O TF - ) (Fe(x) +F (- :1:)) 7 P(de)
g —



Idea: Define

~ 0+1

1
N=T0(0) = 2X\(1 — 27 1/9) & )\/ (0¥ + A=) do.
0

Then X = X; + X5 can be identified with a compound Poisson process

with rate A and claim size distribution with tail
G(2) = NN (L1(2) + I(2) + 2I3(2)), 2>0

satisfying G(0) = 1.



Pareto models:

b
F(az):( i >, x>0, a>0,b>1,
a+x

We find for any # > 0 such that b0 > 1 (by lengthy calculations):

T (2) = Mz7%(2) + 2F(2) + o(F(2))), 2 — oo,

in particular, ﬁ+(-) € R_p.

Assume that the net profit condition ¢ — 2AEY > 0 holds. Then

2\ U — 1
c—2\EY b—1 (F(u) + 511(11,)), oo

W(u) ~

where F'(-) + sI1(-) € R_y; in particular, ¥ € R_(,_1).



Independent Pareto model:

This implies for the ruin probability as u — oo,

Vi) == 2>\EY/ Fa)dz ~ — gy

Complete dependent Pareto model:
T (2) =10(2/2) = \F(2/2), z>0.

This implies for the ruin probability as u — oo,

~ F ~ 2 1F(w) = W (u).
¥y(w) c— 2\EY /u )z~ o Evh—1 (u) = ¥ilu)




Clayton-Pareto model, b0 = 1:
ﬁ+(z) ~2AMb+1)F(2), z— 0.

This implies for the ruin probability as u — oo,

2\ U
c—2\FYb—1

U (u) (b+1)F(u) > 20, (u).

Comparisn with the complete dependent Pareto model depends on the value
of b.



Exponential models:

F(x) =exp(—ax), x>0, a>0.

Consider 8 = 1. Set t = e%*:

1
d 1
Li(z) = / / = 56_%”’ (arctan e2%% — arctan 6—%(1,2)
(&
< e~ >0,

1
and I;(z) ~ e 2%, 2z — oo.

Moreover,

1
1
I5(0) = / (1+v) %dv = 5 and Ix(z) <e %%, z>0.
0

Finally, I35(0) = 1/2.



Then X+ = X; + X, can be identified with a compound Poisson process
with

A=T10 (

0) = A(L(0) + I>(0) + 215(0)) = (3/2)A

and claim size distribution G with tail

G(z) < eI 4 27 4> ().



Assume that the net profit condition ¢ — 2AEY > 0 holds.
If the independent model has a Lundberg coeflicient: dx | s.t.

AN

fr(ky) = /OOO e"LTF(x)dx = %,

then for Ki,x1 >0
U(u) ~ Kiem™% u — oo,

If k) is the Lundberg coeflicient of the completely dependent model, then

K| = %KZL. If c—4MEY > 0, then

O</<3||,/<31<lﬂ_<a.



