Kinetic limit for wave propagation in a harmonic crystal

with small random mass perturbations

DERIVATION OF A PHONON BOLTZMANN EQUATION

Jani Lukkarinen

with Herbert Spohn

Ininn

Zentrum Mathematik

Technische Universitat Minchen



Outline

Classical harmonic crystal

. with small random mass perturbations
Linear phonon Boltzmann equation
Theorem (kinetic limit of the Wigner transform)

Proof:

— Lattice Wigner transform

— Time-dependent perturbation expansion
— EXxpectation values as graphs

— Classification of graphs

References



Classical harmonic crystal

We study a cubic lattice, y € Z>, with elastic couplings a:(y):

S ay(t) = vy (1)
Co(t) == 3 aly— gy ()

* ¢(0) and v(0) € £2(Z3,R)
® «is non-zero, symmetric (a(—%y) = a(y)), and exponentially decaying

® Mechanical stability requires a/(k) > 0, we assume (k) > 0.

Time-evolution can be solved using Fourier-transform in terms of w : T3 — R,

where T3 = (unit 3-torus),

w(k) = v/ a(k) (dispersion relation)




Foro € {£1}, k € T?, and atime t, define

Dok, 1) = %(w(k)@(k, £) + ioB(k, £)).

Thenforallt € R,y € Z3,
Unly,t) = [ dke @m0, (1, 0
T3
= q(t) = Q ' (2Revi(t), v(t)=2Imy(t); Q=F 'wF.

Time-evolution conserves the total energy: Eqg(q(t), v(t)) = FEy(q(0),v(0)) for

= (Zv+ > y—yquy)

yEZ3 y/ . YyEZ3

® Ey(g,v) = 0and Eo(q(t),v(t)) = [[¥(8)]*.

® Fo(q,v) <oo < q,v € b,



TWe[¢] = Wigner transform of a vector ¢ € €o(Z3,C?): forx € R3, k € T3,

WGl k) = [ dp Gk~ Jep) © (K + 5o
— Z 5(37—€y ;_y) i2mk- (y —y)¢y ®¢y
y/,yer3

where (a ® b),7o = a’,b, and € > 0 sets the spatial scale to .

® Determines the energy density £° by

55(:1:,75):/ngkTng[w(t)](x,k):Q/ Ak WS [0(1)](z, k).

T3

o We, [(t/e)] = W(t) whene — 0. W (z, k,0) = 6(z) [ (k)| and
oW (x, k,t) + V;uik) VW (x, k,t) =0, fort € R.

The energy density on a harmonic crystal is transported ballistically according
to the group velocity of the dispersion relation w.



.. with small random mass perturbations

d
aqu(t) = vy (1)
d
(1+ \/g£y>_2avy(t) = = Z a(y —y')qy (t)
y' €73
My = i \2&,)2’ (&) iid. with sup |&o| < oo, E[é0] =0, E[&5] =1
Voly,1) = 5 [(Qa(t))y +io(1 +VEG) To(t),] =

%w(t) = —iH:Y(t), with H. = Ho++/eV,

HO_<Q o)) v—l(QHfQ Q£+§Q)
0 —Q 2\Qe—-€0 —Qc—¢€Q




Energy density

Again, the time-evolution conserves the total energy,

;(Z(1+\f§y + > y—yqyfqy)

yeZ3 y/,yE€L3

E(q,v) =

o Blq(t), v(t)) = [[0(t)2 = 2oy (8)|?, since . = v
¢ E@t) = Y o - ep2oulus =2 [ dEWE (0], b

yeZ3

We will study the weak- limit of the distribution E|[ WS [1)(¢/€)]] for a fixed
t > 0whene — 07T (akinetic limit).

Explicitly, given t > 0 and J € S(R? x T*?), we will solve the limit of

E(J, WS |[¥(t/e)])],  whene — 0 via a positive sequence.



Assumptions (initial conditions)

For every ¢, there is given ¢)¢ € H = l5(7Z3, (CQ), independent of £, such that

(IC1) Energy remains uniformly bounded:

sup [[4°[|° < co.
g

(IC2) The sequence is tight on the kinetic scale:

(IC3) The weak-* limit of W, [1)¢] exists.

Then we define ¢(0) = Q7' (2Re 3 ), v(0) = 2Im ¢S . Examples:
® c-independenty € H.
® WKB-type ¢ € H:for h, S € S(R?3), S real, let

Y5,y = Ph(ey)e®VF and §T = (¥5)".



Assumptions (dispersion relation)

The assumptions made for o imply:

(DR1) wis smooth and w(—k) = w(k).

(DR2) ming w(k) > 0and maxy w(k) < 0o
In addition, we need to assume:

(DR3, dispersivity) For any smooth f, whent — 00,
(/ dk f(k)e_it”(k)‘ — O 3/?),
T3

True, if w is a Morse function (only isolated critical points, all non-degenerate).
(DR4, suppression of crossings) 30 < v < 1,n € N, such thatwhen 3 — 0T,

3
1 o ~v—1 n
w Ak [T o =00 ma))

weT3, a€R3

where k3 = k1 — ko + w.
Expected to be true quite generally, but has only been proven for a few simplest
cases. Related to the curvature of the surfaces {k : w(k) = constant}.



The Boltzmann equation

Consider the stochastic process (x(t), k(t)): )
d Vw(k)
_ p— ° p— x(o)
Calt) = u(k(t); u(k) = Vo),
k(t) = jump process with av. waiting time and P(k — dk') = :
(t) = jumpp g Tot(k) ( ) Trot(k)

V() = Ak’ 6(w(k) — w(k) 2mw(k)2,  ouolk) = /T (),

® Dispersivity (DR3) guarantees the process is well-defined and o, € C (T3).

® The associated probability density W1 satisfies a linear Boltzmann equation:

B, W (z, k. £) + V;‘:(f) W (@, K 1) = / v (dK') (W (z, K, 8) — W (@, k, 1)

T3
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Main theorem

Suppose € — 0 via a positive sequence. Let w satisfy (DR1) — (DR4), the initial
conditions (1)) satisfy (IC1) — (IC3) and let 1)(¢) denote the random vector

G(t) = e ey,

Thenforallt > 0, J € S(R? x T?), there exists a bounded positive Borel

measure [+ such that

i B[ W5 [0(¢/0)] = [ puldedb) I, k)"

e—0

The measures [; coincide with the unique solution to the Boltzmann equation with

initial conditions determined by (4.

Corollary: The time-evolution of the energy density in the kinetic limit can be solved

by first solving the Boltzmann equation and then integrating out the k-variable.
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Outline of the proof

. Prove that it is enough to show that the Fourier-transform of the Wigner

transform converges to the characteristic function of fi;.

. H. = Hy + \/€V, iterate the Duhamel formula
t
e—ltHE :e—ltHo +/dsel(ts)HE(_i\/gV)elsHo
0

up to (’)(ln 6) times — time-dependent perturbation expansion of

V() = Ymain(t) + Ve (t), with only the remainder 1), (t) containing e 1t

. Use unitarity (and partial time-integration) to show that E | [|1be, (¢/€)[|*] — 0.

. Thus it is enough to study the Fourier-transform of W [tmain(t/€)], when E

yields a sum over momentum graphs containing only the free propagator.

. The sum over “ladder” graphs converges to the characteristic function of pi,

while the rest yields a contribution vanishing as € — 0.
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Properties of the lattice Wigner transform

° (S, W Yl) = @ W]y, with [[WZLT]]| < ¢l ]lo,4.

® The Fourier-transform of 1/¢[¢] is given by a function on R> x Z3, (p,n)
1

Z wZ—nwye—ﬁ”p‘y—%m = / dk ™" 1) (k — lsp)*lg(k + —ep).

T3 2 2

y€EZL3

® Any weak-* limit point of W€ [1)%], for ||/ || bounded, is a bounded positive
Borel measure on R? x T3. If the sequence is tight, the Fourier-transforms of

W [1)%] converge to the characteristic function of this measure.

® If the Fourier transforms of VW ¢[1)?] have a pointwise limit almost everywhere,

then the sequence converges in the weak-* topology (to the corr. measure).

® These results hold also for expectation values over a (¢-dependently) random

4, it sup, E[[[]|2] < .
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Duhamel expansion

No—1

Ng—1 o
e e =" Fn(t)+ ) /-ﬂ:/ dre " e LG, v (1 k)
N=0 0

N’'=0

t
—1—/dfr e_l(t_T)HsAN(/),NO (r; k), with = min(t,r)
0

where, with W = (—iy/eV)e sHo,

N+1

Fvlt) = /N+1d85(t - Z Sg)e—iSNHHO Wey oo Wy
Ry =1
N/ +N+1 NN/ | NAN/
GN/,N(t;/-ﬁ:) — /N/ o dS(S(lf — Z Se)e_'ij:%Jrlsje_lsNJrN”rlHO H Wsj
N’'+N N+N’ N+N’
AN/,N(t; Ii) = / / NdscS(t — Z Se)e—mjzjzijrlSj H Wsj
R—ll\-r N =1 j=1
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Choice of cut-off parameters

Notation:  (x) = /1 + x2.

Let v be the constant in (DR4), and let
) . /1 ) ' 2
- ~ ), a0= L db:4<1 —),
Y mm(2 Y ao 10 an 0 0 —1—7/
ao ‘ ln&“\
In(ln &)

NQ(E)—l

wmain (t) — Z FN (t)ws and werr(t) — e_itHS ws — wmain (t)
N=0

No(e) = max(l, { J), Nj(e) = 8No(e) and k(e) = 5(1n5>b0,

Then, in the limit ¢ — 0 we have Ny — o0, Kk — 0, and

/ N,
" NlIneg)V %" — 0, and e 7 (E) ) " NWIne)N 1t — 0,
K

whenever N = rNy(g), with 0 < r < 20 and ¢, d > 0 being arbitrary constants.
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Analysis of the error term

E[l[¢en(t/e)I°] <2t%7" sup  E[[[Ang,ng (r; 5)9° 7]

0<r<t/e

+2(tsfe+1)*(Ng)®  sup  E[[|G o, (r; 5)9°|)7]
0<N’'<N(j—1
0<r<t/e

There are constants c and ¢’ and €1, such thatfor 0 < t' <t/e,0 < N’ < N|,

N2

E[[|G nrn (s )97 1] < 9% (eT)

_ T\ N+max(2,d2) _ T 1
< [N1(In =) Fmaxd)__Z__ |,
N(In e T Noj2]!

B[l A (5000 17] < ¢l (1) 3 A (in 2Y [ 4 (£)™]

S K

where T' = (t) and N = 2(Ny + N/})) = 18 Ny. Therefore,

lim E[4per(t/€)[°] = 0
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Expectation values as graphs

“ Z e—iQﬂ'y'k — é‘(k,) 77’

S
N
E[H &e} = Z H [C'|A| Z H 5¢£,y}, C'n, = m:th cumulant
¢=1 Sen(Iy) AES yez3 LeA
N N q N :
/ dS(S(t o Z Sﬁ) e—ngwg . _Ze—itz ;
RY =1 7 e=1 r 27m —1 7 T We

—> The expectation value is a sum over all partitions S with an amplitude,

_\N{—No N/2 dz dz" _it(z42) ) B
Y - /11‘3 o ?{PB 2m T 2m 13y N1 40N 41+ P)
. + N+2 i
x 1 (C|A|5( > 77@)) Y= (ng — p) [ 1T (/—v(kﬁg,ke_l))
AeS lLeA L=N{+3+N’' * + H(ky)

Ny+24+N'’

X IT : v(kg, ko_1)) : ! :

. . kN 41 — 5P .
¢=N{+3 z/—l—lm—l—H(kzﬁ) z/—l—lm—l—H(k:Nl_i_Q) ( 1+ 2 )z+1m—H(k:N1+1)

Ny+N’ . Ny

X v(k s kp) v(k ykypy) ————
e:zl\gﬂ( b z+i/<;—H(k£))£1;[1( L H(ky)

i

)136("70)} ne = koy1 — kg



An example with N1 = 3, Ny = 5, N’ = 2, and a partition S with |.S| = 4:

O The initial state.

- Dotted line connects a cluster A € S, each yielding C|4|0(3>_,c 4 (ker1 — ko).
—— Solid line is a propagator, a matrix factor #(k) H (k) = diag(w(k), —w(k)).
- - - A dashed line is a restricted propagator, with z + 1k instead of z above.

X A cross denotes an interaction vertex, a matrix factor /e v(k’, k).

(1 The box denotes the observable, 16(kn,+2 — kn, +1) for norm,

P_|__|_6127rn'(kN1+2_kN1+1)5(kN1_|_2 — ]{7N1_|_1 — 8]?) otherwise.

After the observable, the basic propagators are m instead of #(k)
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Classification of graphs

A graph corresponding to a partition S of N = N7 + N5 vertices is

irrelevant, if .S contains a singlet. Then the amplitude is zero, as C7; = E[£y] = 0.

higher order, if thereis A € .S such that | A| > 2. Each such cluster yields an
additional factor €(141=2)/2 "and their sum is O(!/?).

crossing, ifitis a pairing which contains two pairs crossing each other: 3{2’1, ig},
{j1,72} € Ssuchthati; < j; < iy < jo. The amplitude is O (7).
nested, if it is none of the above, but there is a pairing {71, 2} € S such that
i1 + 1 < iy and either i1 > N + 2 or i5 < N;. The amplitude is O (='/?).
simple, otherwise (amplitude ~ O(1/N!)). An example:
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