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Classical harmonic crystal

We study a cubic lattice, y ∈ Z
3, with elastic couplings α(y):

d

dt
qy(t) = vy(t)

d

dt
vy(t) = −

X

y′∈Z3

α(y − y′)qy′(t)

• q(0) and v(0) ∈ ℓ2(Z
3,R)

• α is non-zero, symmetric (α(−y) = α(y)), and exponentially decaying

• Mechanical stability requires α̂(k) ≥ 0, we assume α̂(k) > 0.

Time-evolution can be solved using Fourier-transform in terms of ω : T3 → R,

where T
3 = (unit 3-torus),

ω(k) =
p

bα(k) (dispersion relation)
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For σ ∈ {±1}, k ∈ T3, and a time t, define

bψσ(k, t) =
1

2

`
ω(k)bq(k, t) + iσbv(k, t)

´
.

Then for all t ∈ R, y ∈ Z
3,

ψσ(y, t) =

Z

T3

dk ei(2πk·y−σω(k)t) bψσ(k, 0)

⇒ q(t) = Ω−1(2Reψ+(t)), v(t) = 2 Imψ+(t); Ω = F−1ωF .

Time-evolution conserves the total energy :E0(q(t), v(t)) = E0(q(0), v(0)) for

E0(q, v) =
1

2

“ X

y∈Z3

v2
y +

X

y′,y∈Z3

α(y′ − y)qy′qy

”

• E0(q, v) ≥ 0 and E0(q(t), v(t)) = ‖ψ(t)‖2.

• E0(q, v) <∞ ⇔ q, v ∈ ℓ2.
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W ε[φ] = Wigner transform of a vector φ ∈ ℓ2(Z
3,C2): for x ∈ R

3, k ∈ T
3,

W ε[φ](x, k) =

Z

R3

dp ei2πx·p bφ
`
k − 1

2
εp

´
⊗ bφ

`
k +

1

2
εp

´

=
X

y′,y∈Z3

δ
`
x− ε

y′ + y

2

´
ei2πk·(y′−y)φy′ ⊗ φy

where (a⊗ b)σ′σ = a∗σ′bσ and ε > 0 sets the spatial scale to ε−1.

• Determines the energy density Eε by

Eε(x, t) =

Z

T3

dkTrW ε[ψ(t)](x, k) = 2

Z

T3

dkW ε
++[ψ(t)](x, k).

• W ε
++[ψ(t/ε)]

∗
⇀W (t) when ε→ 0+. W (x, k, 0) = δ(x)|ψ̂+(k)|2, and

∂tW (x, k, t) +
∇ω(k)

2π
· ∇xW (x, k, t) = 0, for t ∈ R.

The energy density on a harmonic crystal is transported ballistically according

to the group velocity of the dispersion relation ω.
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. . . with small random mass perturbations

d

dt
qy(t) = vy(t)

(1 +
√
ε ξy)−2 d

dt
vy(t) = −

∑

y′∈Z3

α(y − y′)qy′(t)

my =
1

(1 +
√
ε ξy)2

, (ξy) i.i.d. with sup |ξ0| <∞, E[ξ0] = 0, E[ξ20 ] = 1

ψσ(y, t) =
1

2

[
(Ωq(t))y + iσ(1 +

√
ε ξy)−1v(t)y

]
=⇒

d

dt
ψ(t) = −iHεψ(t), with Hε = H0+

√
εV ,

H0 =

0
@Ω 0

0 −Ω

1
A , V =

1

2

0
@Ωξ + ξΩ −Ωξ + ξΩ

Ωξ − ξΩ −Ωξ − ξΩ

1
A
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Energy density

Again, the time-evolution conserves the total energy,

E(q, v) =
1

2

“ X

y∈Z3

(1 +
√
ε ξy)−2v2

y +
X

y′,y∈Z3

α(y′ − y)qy′qy

”
.

• E(q(t), v(t)) = ‖ψ(t)‖2 = 2‖ψ+(t)‖2, since ψ∗
+ = ψ−.

• Eε(x, t) =
∑

y∈Z3

δ(x− εy)2|ψ+(y; t)|2 = 2

∫

T3

dkW ε
++[ψ(t)](x, k)

We will study the weak-∗ limit of the distribution E[W ε
++[ψ(t/ε)]] for a fixed

t ≥ 0 when ε→ 0+ (a kinetic limit).

Explicitly, given t ≥ 0 and J ∈ S(R3 × T
3), we will solve the limit of

E[〈J,W ε
++[ψ(t/ε)]〉], when ε→ 0 via a positive sequence.
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Assumptions (initial conditions)

For every ε, there is given ψε ∈ H = ℓ2(Z
3,C2), independent of ξ, such that

(IC1) Energy remains uniformly bounded:

sup
ε

‖ψε‖2 <∞.

(IC2) The sequence is tight on the kinetic scale:

lim
R→∞

lim sup
ε→0

X

|y|>R/ε

|ψε
y|2 = 0.

(IC3) The weak-∗ limit of W ε
++[ψε] exists.

Then we define q(0) = Ω−1(2 Reψε
+), v(0) = 2 Imψε

+ . Examples:

• ε-independent ψ ∈ H.

• WKB-type ψε ∈ H: for h, S ∈ S(R3), S real, let

ψε
+,y = ε3/2h(εy)eiS(εy)/ε

and ψε
− = (ψε

+)∗.
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Assumptions (dispersion relation)

The assumptions made for α imply:

(DR1) ω is smooth and ω(−k) = ω(k).

(DR2) mink ω(k) > 0 and maxk ω(k) <∞
In addition, we need to assume:

(DR3, dispersivity) For any smooth f , when t→ ∞,
˛̨
˛
Z

T3

dk f(k)e−itω(k)
˛̨
˛ = O(t−3/2).

True, if ω is a Morse function (only isolated critical points, all non-degenerate).

(DR4, suppression of crossings) ∃ 0 < γ ≤ 1, n ∈ N, such that when β → 0+,

sup
u∈T3,α∈R3

Z

(T3)2
dk1dk2

3Y

i=1

1

|αi − ω(ki) + iβ| = O(βγ−1(lnβ)n)

where k3 = k1 − k2 + u.

Expected to be true quite generally, but has only been proven for a few simplest

cases. Related to the curvature of the surfaces {k : ω(k) = constant}.
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The Boltzmann equation

Consider the stochastic process (x(t), k(t)):

d

dt
x(t) = u(k(t)); u(k) =

∇ω(k)

2π
.

u(k(0))

x(0)

k(t) = jump process with av. waiting time
1

σtot(k)
and P(k 7→ dk′) =

νk(dk′)

σtot(k)
,

νk(dk′) = dk′ δ(ω(k) − ω(k′)) 2πω(k′)2, σtot(k) =

Z

T3

νk(dk′).

• Dispersivity (DR3) guarantees the process is well-defined and σtot∈ C(T3).

• The associated probability density W satisfies a linear Boltzmann equation:

∂tW (x, k, t) +
∇ω(k)

2π
· ∇xW (x, k, t) =

Z

T3

νk(dk′)
`
W (x, k′, t) −W (x, k, t)

´

10



Main theorem

Suppose ε→ 0 via a positive sequence. Let ω satisfy (DR1) – (DR4), the initial

conditions (ψε) satisfy (IC1) – (IC3) and let ψ(t) denote the random vector

ψ(t) = e−itHεψε.

Then for all t ≥ 0, J ∈ S(R3 × T
3), there exists a bounded positive Borel

measure µt such that

lim
ε→0

E[〈J,W ε
++[ψ(t/ε)]〉] =

∫

R3×T3

µt(dxdk) J(x, k)∗.

The measures µt coincide with the unique solution to the Boltzmann equation with

initial conditions determined by µ0.

Corollary: The time-evolution of the energy density in the kinetic limit can be solved

by first solving the Boltzmann equation and then integrating out the k-variable.
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Outline of the proof

1. Prove that it is enough to show that the Fourier-transform of the Wigner

transform converges to the characteristic function of µt.

2. Hε = H0 +
√
εV , iterate the Duhamel formula

e−itHε = e−itH0 +

Z t

0

ds e−i(t−s)Hε (−i
√
εV )e−isH0

up to O(ln ε) times =⇒ time-dependent perturbation expansion of

ψ(t) = ψmain(t) + ψerr(t), with only the remainder ψerr(t) containing e−itHε .

3. Use unitarity (and partial time-integration) to show that E
[
‖ψerr(t/ε)‖2

]
→ 0.

4. Thus it is enough to study the Fourier-transform of W ε
++[ψmain(t/ε)], when E

yields a sum over momentum graphs containing only the free propagator.

5. The sum over “ladder” graphs converges to the characteristic function of µt,

while the rest yields a contribution vanishing as ε→ 0.
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Properties of the lattice Wigner transform

• 〈J,W ε[ψ]〉 = 〈ψ |Wε[J ]ψ〉, with ‖Wε[J ]‖ ≤ c‖J‖0,4.

• The Fourier-transform of W ε[ψ] is given by a function on R
3 × Z

3, (p, n) 7→
X

y∈Z3

ψ∗
y−nψye−i2πεp·(y− 1

2
n) =

Z

T3

dk ei2πn·k bψ
`
k − 1

2
εp

´∗ bψ
`
k +

1

2
εp

´
.

• Any weak-∗ limit point of W ε[ψε], for ‖ψε‖ bounded, is a bounded positive

Borel measure on R
3 × T

3. If the sequence is tight, the Fourier-transforms of

W ε[ψε] converge to the characteristic function of this measure.

• If the Fourier transforms of W ε[ψε] have a pointwise limit almost everywhere,

then the sequence converges in the weak-∗ topology (to the corr. measure).

• These results hold also for expectation values over a (ε-dependently) random

ψ, if supε E[‖ψ‖2] <∞.
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Duhamel expansion

e−itHε =

N0−1X

N=0

FN (t) +

N′
0−1X

N′=0

κ

Z ∞

0

dr e−κ(r−r)e−i(t−r)HεGN′,N0
(r;κ)

+

Z t

0

dr e−i(t−r)HεAN′
0,N0

(r;κ), with r = min(t, r)

where, with Ws = (−i
√
εV )e−isH0 ,

FN (t) =

Z

R
N+1
+

ds δ
“
t−

N+1X

ℓ=1

sℓ

”
e−isN+1H0WsN · · ·Ws1

GN′,N (t;κ) =

Z

R
N′+N+1
+

ds δ
“
t−

N′+N+1X

ℓ=1

sℓ

”
e−κ

N+N′P
j=N+1

sj e−isN+N′+1H0

N+N′Y

j=1

Wsj

AN′,N (t;κ) =

Z

R
N′+N
+

ds δ
“
t−

N′+NX

ℓ=1

sℓ

”
e−κ

N+N′P
j=N+1

sj

N+N′Y

j=1

Wsj
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Choice of cut-off parameters

Notation: 〈x〉 =
p

1 + x2.

Let γ be the constant in (DR4), and let

γ′ = min
“1

2
, γ

”
, a0 =

γ′

40
and b0 = 40

“
1 +

2

γ′

”
,

N0(ε) = max
“
1,

j a0 | ln ε|
ln〈ln ε〉

k”
, N ′

0(ε) = 8N0(ε) and κ(ε) = ε〈ln ε〉b0 ,

ψmain(t) =

N0(ε)−1X

N=0

FN (t)ψε
and ψerr(t) = e−itHεψε − ψmain(t).

Then, in the limit ε→ 0 we have N0 → ∞, κ→ 0, and

cNN !〈ln ε〉N+dεγ′

→ 0, and ε−2
“ ε
κ

”N0

cNN !〈ln ε〉N+d → 0,

wheneverN = rN0(ε), with 0 ≤ r < 20 and c, d ≥ 0 being arbitrary constants.
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Analysis of the error term

E
ˆ
‖ψerr(t/ε)‖2˜

≤ 2t2ε−2 sup
0≤r≤t/ε

E
ˆ
‖AN′

0,N0(r;κ)ψ
ε‖2˜

+ 2(tκ/ε+ 1)2(N ′
0)

2 sup
0≤N′≤N′

0−1
0≤r≤t/ε

E
ˆ
‖GN′,N0

(r;κ)ψε‖2˜

There are constants c and c′ and ε1, such that for 0 ≤ t′ ≤ t/ε, 0 ≤ N ′ < N ′
0,

E
ˆ
‖GN′,N0

(t′;κ)ψε‖2˜
≤ c′‖ψε‖2(cT )

N̄
2

×
h
N̄ !

D
ln
T

ε

EN̄+max(2,d2)

N̄max(1,d1) T

〈t/ε〉γ′ +
1

⌊N0/2⌋!
i
,

E
ˆ
‖AN′

0,N0
(t′;κ)ψε‖2˜

≤ c′‖ψε‖2 (cT )
N̄
2 N̄ !

D
ln
T

ε

EN̄ h
ε3 +

“ ε
κ

”N0
i

where T = 〈t〉 and N̄ = 2(N0 +N ′
0) = 18N0. Therefore,

lim
ε→0

E
ˆ
‖ψerr(t/ε)‖2˜

= 0
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Expectation values as graphs

“
X

y∈Z3

e−i2πy·k = δ(k) ”,

E

h NY

ℓ=1

ξiℓ

i
=

X

S∈π(IN )

Y

A∈S

h
C|A|

X

y∈Z3

Y

ℓ∈A

δiℓ,y

i
, Cn = n:th cumulant

Z

R
N
+

ds δ
“
t−

NX

ℓ=1

sℓ

” NY

ℓ=1

e−isℓwℓ = −
I

Γ

dz

2π
e−itz

NY

ℓ=1

i

z − wℓ

=⇒ The expectation value is a sum over all partitions S with an amplitude,

(−i)N̄1−N̄2εN̄/2
Z

T3
dη0

I

Γβ

dz

2π

I

Γβ

dz′

2π
e−it(z+z′)

Z

(T3)N̄+1
dη δ(ηN̄1+1 + p)

×
Y

A∈S

“
C|A|δ

“ X

ℓ∈A

ηℓ

””
bψε(η0 − p)†

» N̄+2Y

ℓ=N̄1+3+N′

“ i

z′ +H(kℓ)
v(kℓ, kℓ−1)

”

×

N̄1+2+N′
Y

ℓ=N̄1+3

“ i

z′ + iκ +H(kℓ)
v(kℓ, kℓ−1)

” i

z′ + iκ +H(kN̄1+2)
f

“
kN̄1+1 −

1

2
p

” i

z + iκ−H(kN̄1+1)

×

N1+N′
Y

ℓ=N1+1

“
v(kℓ+1, kℓ)

i

z + iκ− H(kℓ)

” N1Y

ℓ=1

“
v(kℓ+1, kℓ)

i

z −H(kℓ)

”
bψε(η0)

–
; ηℓ = kℓ+1 − kℓ
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An example with N1 = 3, N2 = 5, N ′ = 2, and a partition S with |S| = 4:

1 2 3 4 5 6 7 8 9
k1 k2

z z′

© The initial state.

· · · Dotted line connects a clusterA ∈ S, each yielding C|A|δ(
P

ℓ∈A(kℓ+1 − kℓ)).

—– Solid line is a propagator , a matrix factor i
z−H(k) , H(k) = diag(ω(k),−ω(k)).

- - - A dashed line is a restricted propagator, with z + iκ instead of z above.

× A cross denotes an interaction vertex , a matrix factor
√
ε v(k′, k).

2 The box denotes the observable, 1δ(kN1+2 − kN1+1) for norm,

P++ei2πn·(kN1+2−kN1+1)δ(kN1+2 − kN1+1 − εp) otherwise.

After the observable, the basic propagators are i
z′+H(k) , instead of i

z−H(k) .
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Classification of graphs

A graph corresponding to a partition S of N = N1 +N2 vertices is

irrelevant, if S contains a singlet. Then the amplitude is zero, as C1 = E[ξ0] = 0.

higher order, if there is A ∈ S such that |A| > 2. Each such cluster yields an

additional factor ε(|A|−2)/2, and their sum is O(ε1/2).

crossing, if it is a pairing which contains two pairs crossing each other: ∃{i1, i2},

{j1, j2} ∈ S such that i1 < j1 < i2 < j2. The amplitude is O(εγ).

nested, if it is none of the above, but there is a pairing {i1, i2} ∈ S such that

i1 + 1 < i2 and either i1 ≥ N1 + 2 or i2 ≤ N1. The amplitude is O(ε1/2).

simple, otherwise (amplitude ≈ O(1/N !)). An example:

k+
0k+

0k+
1k+

1k+
1

k+
2

k−0k−1
k−2

k−2
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