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Introduction

Motivation:

Given a microscopic system of evolution equations, we want to derive and justify
a macroscopic equation describing the evolution of macroscopic modulations of
microscopic initial data directly.

Justification: Does the approximation that we obtain from the modulation equa-
tion stay close to the original solution for some macroscopic time?

Here: Microscopic system = an oscillator chain.
Two examples:

1. Dispersive evolution of a single pulse

G., MIELKE 2004 Nonlinearity, 2005 submitted

2. Three-wave interaction

G., MIELKE 2005, work in progress

(cf. also SPOHN, The Phonon Boltzmann Equation, Properties and Link to Weakly
Anharmonic Lattice Dynamics, April 2005)
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A nonlinear oscillator chain

ẍγ =
M∑

m=1

[V ′
m(xγ+m−xγ)− V ′

m(xγ−xγ−m)]−W ′(xγ) (γ ∈ Z) (OC)
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The linearized model

ẍγ =
M∑

m=1

αm,1 (xγ+m−2xγ+xγ−m)− β1xγ

Exact (space–time–)periodic solutions

xγ(t) = E(t, γ) + c.c. with E(t, γ) := ei(ω(ϑ)t+ϑγ)

if and only if the dispersion relation holds

ω2(ϑ) := 2
M∑

m=1

αm,1[1− cos(mϑ)] + β1

Dispersion: (group velocity) ω′(ϑ) 6=
ω(ϑ)

ϑ
(phase velocity)

Stability condition (SC): ω2(ϑ) > 0 for all ϑ ∈ (−π, π]

Notation: Ej(t, γ) := ei(ωjt+ϑjγ) for fixed ϑj, ω2
j = ω2(ϑj)
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Dispersive evolution of a single pulse

Modulation ansatz: We consider solutions x of (OC) of the form

x = XA
ε +O(ε2) with (XA

ε )γ(t) := εA(τ, ξ)E0(t, γ) + c.c.

E0(t, γ) = ei(ω0t+ϑ0γ) : basic microscopic pattern
εA : [0, τ0]× R → C : modulation (or amplitude) function

(coefficient ε: weakly nonlinear case)
τ = ε2t : macroscopic (slow) time variable
ξ = ε(γ+ω′0t) : macroscopic (long) space variable,

coordinate system moving with the group velocity ω′0
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Note: Only this long time scale enables us to observe the effects of dispersion.
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Dispersive evolution of a single pulse

Formal derivation:
1. Insert in (OC) the multiscale ansatz (“improved approximation”)

(Y A
ε )γ(t) := (XA

ε )γ(t) +
p∑

k=2

εk
k∑

n=−k

Ak,n(τ, ξ)E0(t, γ)n

with XA
ε = εAE0 + c.c., Ak,−n = Ak,n, τ = ε2t, ξ = ε(γ + ω′0t).

2. Equate for each term εkEn
0 its coefficient on the left to that on the right.

Result: From ε3E1
0 we obtain the nonlinear Schrödinger equation (NLS)

i∂τA =
1

2
ω′′0∂

2
ξ A + ρ|A|2A with ρ = ρ(ω0, ϑ0, αm,i, βi)

p=3: A2,1 undetermined ⇒ Set A2,1 ≡ 0; p=4: From ε4E1
0 we obtain (A21):

i∂τA2,1 =
1

2
ω′′0∂

2
ξ A2,1 + ρ(2|A|2A2,1+A2Ā2,1) + c1∂τ∂ξA + c2∂

3
ξ A + c3|A|2∂ξA

Nonresonance conditions: k2ω2(ϑ0)−ω2(kϑ0) 6= 0 for k = 0,2, . . . , p.

Residuum: [res(Y A
ε )]γ := [Ÿ A

ε − LY A
ε −N(Y A

ε )]γ = O(εp+1)
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Dispersive evolution of a single pulse

Justification:
a) If Vm, W ∈ C5(R) and the uniform nonresonance condition (uNR) holds

inf
s,t=1,2; ϑ,θ∈(−π,π]

∣∣∣ω(ϑ)+(−1)sω(θ)+(−1)tω(ϑ−θ)
∣∣∣ ≥ CuNR > 0,

then for XA
ε = εAE0 +c.c., A:[0, τ0]×R→C solving (NLS) with A(0, ·)∈H6(R):

∀ c > 0 ∃ ε0, C > 0 : ∀ ε ∈ (0, ε0) and for any solution x of (OC):

‖(x(0), ẋ(0))− (XA
ε (0), ẊA

ε (0))‖`2×`2 ≤ c ε3/2 ⇒
‖(x(t), ẋ(t))− (XA

ε (t), ẊA
ε (t))‖`2×`2 ≤ C ε3/2 for t ∈ [0, τ0/ε2]. (J)

b) If Vm, W ∈ C6(R) and the nonresonance condition (NR) holds

inf
s,t=1,2; θ∈(−π,π]

∣∣∣ω(ϑ0)+(−1)sω(θ)+(−1)tω(ϑ0−θ)
∣∣∣ ≥ CNR > 0,

then (J) holds with XA,2
ε := εAE0+ε2(a1|A|2+A2,1E0+a2A2E2

0)+c.c., where

A, A2,1:[0, τ0]×R→C solve (NLS),(A21) with A(0, ·)∈H7(R), A2,1(0, ·)∈H6(R),

and ε3/2 replaced by εβ with β ∈ (2,5/2].
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Three-wave interaction

Modulation ansatz: We consider solutions x of (OC) of the form

x = XB
ε +O(ε2), (XB

ε )γ(t) := ε
3∑

j=1

Bj(τ, ξ)Ej(t, γ) + c.c.

with εBj : [0, τ0]× R → C, τ = εt, ξ = εγ (fixed coordinate system)
and Ej(t, γ) = ei(ωjt+ϑjγ) with ω2

j = ω2(ϑj) and

ϑ1 + ϑ2 + ϑ3 = 0, ω1 + ω2 + ω3 = 0
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Aim: Derivation and justification of a system of macroscopic equations describ-
ing the amplitudes Bj of the three interacting pulses j=1,2,3
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Three-wave interaction

Formal derivation:
1. Insert in (OC) the multiscale ansatz (“improved approximation”)

(Yε)γ(t) := (XB
ε )γ(t) + ε2

3∑
k,`=−3, k,` 6=0

Bk`(τ, ξ)Ek(t, γ)E`(t, γ)

with XB
ε = ε

3∑
j=1

BjEj + c.c., Ej(t, γ) = ei(ωjt+ϑjγ), ω2
j = ω2(ϑj)

and Bk` = B`k = B−k,−`, τ = εt, ξ = εγ, ω−j = −ωj, ϑ−j = −ϑj

2. Expand the left- and right-hand side in terms of εnEj and εnEkE` for n=1,2

Result from ε2EkE`:

If EkE` = Ej (⇔ ωk + ω` + ωj = 0, ϑk + ϑ` + ϑj = 0):

2iωj∂τBj = 2iω(ϑj)ω
′(ϑj)∂ξBj + 2cjkBkB` + 2 [(ωk+ω`)

2−ω2(ϑk+ϑ`)]︸ ︷︷ ︸
=0

Bk`

If EkE` 6= Ei,Ei for i = 1,2,3: 0 = 0+2ck`BkB`+2 [(ωk+ω`)
2−ω2(ϑk+ϑ`)]︸ ︷︷ ︸

6=0 (required !)

Bk`
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Three-wave interaction

⇒ For ω1 + ω2 + ω3 = 0, ϑ1 + ϑ2 + ϑ3 = 0 and the nonresonance conditions

(ωk+ω`)
2 − ω2(ϑk+ϑ`) 6= 0 for k, ` = 1,2,3 with ∨ k = ` ∨ k 6= `, k` < 0

we obtain 
∂τB1 = ω′1∂ξB1 + i(c/ω1)B2B3,

∂τB2 = ω′2∂ξB2 + i(c/ω2)B1B3,

∂τB3 = ω′3∂ξB3 + i(c/ω3)B1B2

(3WI)

with c := β2 − 2i
∑M

m=1 αm,2
∑3

j=1 sin(mϑj)

⇒ Residuum [res(Yε)]γ := [Ÿε − LYε −N(Yε)]γ = O(ε3)

Justification: For XB
ε = ε

∑3
j=1 BjEj + c.c.,

where Bj:[0, τ0]×R→C (j = 1,2,3) solve (3WI) with Bj(0, ·)∈H3(R)

∀ c > 0 ∃ ε0, C > 0 : ∀ ε ∈ (0, ε0) and for any solution x of (OC):

‖(x(0), ẋ(0))− (XB
ε (0), ẊB

ε (0))‖`2×`2 ≤ c ε3/2 ⇒
‖(x(t), ẋ(t))− (XB

ε (t), ẊB
ε (t))‖`2×`2 ≤ C ε3/2 for t ∈ [0, τ0/ε].
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Justification: Method of Proof

1. Write (OC) as a first-order Hamiltonian system in `2×`2 equipped with

the energy norm ‖ · ‖ ∼ ‖ · ‖`2×`2 under (SC) ω2(ϑ) > 0 ∀ ϑ ∈ (−π, π]:

ẋ = Lx + N(x) with N(x) = Q(x, x) + M(x) (OC’)

L linear, Q quadratic, M cubic and higher order terms

⇒ To show for a solution x of (OC’) and the approximation Xε

‖x(0)−Xε(0)‖ ≤ cεβ ⇒ ‖x(t)−Xε(t)‖ ≤ Cεβ for ε ≤ ε0, εαt ∈ [0, τ0]

Let the “improved approximation” Yε satisfy (Xε−Yε)γ(t) = O(εβ+1/2),

i.e. ‖Xε−Yε‖(t) = O(εβ)

⇒ To show for the error Rε := ε−β(x−Yε)

‖Rε(0)‖ ≤ d ⇒ ‖Rε(t)‖ ≤ D for ε ≤ ε0, εαt ∈ [0, τ0]
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Justification: Method of Proof

2. Insert Rε = ε−β(x−Yε) into (OC’) ẋ = Lx + N(x)

Ṙε = LRε + ε−β[N(εβRε+Yε)−N(Yε)−res(Yε)]

with residuum [res(Yε)]γ := [Ẏε − LYε −N(Yε)]γ = O(εp+1) = O(εα+β+1/2),

i.e. ‖res(Yε)‖ ≤ εα+βCr for ε ≤ ε0, εαt ∈ [0, τ0].

If

‖N(εβRε+Yε)−N(Yε)‖ ≤ CN‖Yε‖α
∞‖εβRε‖ for ε ≤ ε0, εαt ≤ τ0, ‖Rε‖ ≤ D

then by ‖Yε‖∞ = O(ε) the variation of constants formula yields

‖Rε(t)‖ ≤ ‖Rε(0)‖+ ε−β
∫ t

0
(‖N(εβRε+Yε)−N(Yε)‖+ ‖res(Yε)‖) ds

≤ d + εαCN

∫ t

0
‖Rε(s)‖ds + εαtCr

≤ (d + εαtCr)e
εαtCN (GRONWALL)

≤ (d + τ0Cr)e
τ0CN =: D for ε ≤ ε0, εαt ≤ τ0
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Justification: Method of Proof

3. To show:

‖N(εβRε+Yε)−N(Yε)‖ ≤ CN‖Yε‖α
∞‖εβRε‖ for ε ≤ ε0, εαt ≤ τ0, ‖Rε‖ ≤ D

By mean value theorem:

Case 1: Dispersive evolution of a single pulse (α = 2)

Q = 0 ⇒ N = M (cubic) ⇒ ‖N(εβR+Yε)−N(Yε)‖ ≤ CN‖Yε‖2∞‖εβR‖
Q 6= 0 and (uNR): normal form transformation y = x + B(x, x)

of (OC’) to ẏ = Ly + N(y) with B such that N(y) = M(y) (cubic)

Q 6= 0 and (NR): normal form transformation yields N(y) = S(x, x) + M(y):

‖S(εβRε+Yε, ε
βRε+Yε)−S(Yε, Yε)‖ ≤ ‖S(εβRε, ε

βRε)‖+ 2‖S(Yε, ε
βRε)‖

≤ CS‖εβRε‖∞‖εβRε‖+ CPε2‖εβRε‖

⇒ We need β > α = 2 and for p = 4: β ≤ 5/2

Case 2: Three-wave interaction (α = 1)

N = Q + M (quadratic) ⇒ ‖N(εβR+Yε)−N(Yε)‖ ≤ CN‖Yε‖∞‖εβR‖
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Summary

For a microscopic nonlinear oscillator chain we derived and justified macro-
scopic modulation equations describing

1. the dispersive evolution of a single pulse

2. the interaction of three pulses under quadratic resonance

The mathematical justification relies on the same method.

The transfer of this method to the multidimensional case is expected to be
straightforward.
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