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‘Epitaxyl

Growth of thin solid layers by deposition of atoms
Application: production of semiconductors

Liquid phase epitaxy: Atoms are solved in liquid and transported to
surface by diffusion and convection
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Observation: Microstructures of spiral shape



‘Burton Cabrera Frank (BCF) modeII

Continuum model for epitaxy

Deposited atoms move around by surface diffusion till they incorporate
into existing monoatomar layer or desorb from surface

¢® — surface density of atoms (number of atoms / area)
Dg — surface diffusivity

T¢ — mean time for desorption

Ty — mean time for deposition

Equation for surface diffusion

1 S
Orc® — DeAc® = — —
TV TS




Interface condition at boundaries of monoatomar layers

¢ = Ceq(l + mQy/(kBT))

VP = D g2 8—651
on

ceq — equilibrium surface concentration
K — curvature of steps
€2 — area of single atom A
vy — step stiffness
kg1 — thermal energy vS vS
[[] — jump of fluxes




|I\/|odel for liquid phase epitaxyl

QL .
\ v — velocity
\ p — pressure
¢¥" — liquid concentration in Q
S~ —Q ¢ — surface concentration on Sy
%ﬁ ® — phase field,
number of atom layers of solid

S0

Navier—Stokes and convection—diffusion equations in Q. (t)

V.-v=20
v+ (v-V)v—nlAv=Vp
8tcv—|-v-VcV—DVAcV=O




Phase field version of Burton—Cabrera—Frank (BCF) model on Sj

20 — E2AD + f/(P) + g(c®, ) =0

v ®

atCS — DSACS —+ Q_latcb = — — —
VvV T8

S

T, — rates of deposition and

Tg desorption of atoms

2 — area of atom

f — multi—well potential

g — deviation from equilibrium
concentration

¢ — width of diffuse interface

a — time relaxation parameter



Coupling conditions at S(t), So

1 1
ov  OF TV TS

Ut:O
ocV S |4
DV C IJS_]'(]_—CV)mA (C _C )
on ov \Ts TV

Oh = m A (cv B CS>

O° \7v TS
m A — mass of atom
ov / ogp — density in liquid / solid
h — height of epitaxial solid

Jg — density of surface measure of S, parametrized over Sy



‘ Homogenization |

Phenomena: Oscillations of scale € on epitaxial solid layer
boundary layer close to S in liquid

__— farfield

| matching of far field and near field
near field
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Scaling of parameters:

Q= 5290, my = €3m91, T = 537"9, Dg = 52Dg~, §E =€, a= 5_2040



Homogenization by asymptotic expansion on epitaxial surface
CSS(t7 CIZ‘) — 5_2C8(t, Z, x/&?) -+ 6_10'%(75, x, gj/g) + ...
Pe(t,x) = Po(t,z,2/e) +eP1(t,z,2/e) + - -

¢S, ®,: IxSyxY —R, Y CR2 unit cell / periodicity cell
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Matched asymptotic expansion in liquid
¢y (t,x) = ecl (t,z,x/e) + e3¢} (t,z,x/e) + - - -

vet, ) = vo(t, z,2/€) + ev1 (b, /) + -
pe(t,z) = po(t,w, 2 /e) + ep1 (b, w/e) + - -



‘Homogenized modeII

&503 + (vg - V)cg — DVACX =0
Ao + (vo - V)vg — nAvg = Vpg
V.vg=0

ocY mY [e3 ¥
DV 0 __ A 0O _ =0

0]
on oV \Ts Ty

S 0 S -1 Cg qu
87500 — DSAch -+ QO 0Py = 5 —
hVs TS

aE801Pg — E8 Ay Do + /(Do) + g(cs, Do) = 0

cg(t,z) = [y co(t, @, y) dy
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Analysis of macroscopic probleml

Navier—Stokes system decouples = treat vg as given velocity

81508/ + (vg - V)cg — DVAycg =0 inQ

dcY mS (e2 ¥
Dy—9 =_4(0_201) on g,

on oV \Tg 7"9

Existence and uniqueness of solution

A priori estimates
r>20

r(S
< 1+ Catg! "] 15

HCO Hl, H1(Q
2(0 to; ( ))
< (C3+ C4HCOH L(I%S0)’ B >0

HCOVHHﬁ(f Lo(Q)) =

Continuity estimate
Hcg B COQHLQ(I H1(Q)) = Cl” B COQHLQ(IXSO)
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|Ana|ysis of microscopic probleml

S oA Ss_ 1 yv 1 g
atCO — DSAyCO =0 cCo — —Cp
Ty TS

apE88;Pg — E3 0, Do + f(Pg) + g(c§, Pg) =0

Existence and uniqueness of solution for fixed x € Sg

A—priori estimate
HchLQ(I;Hl(Y)) T l®ollgirsyy = C1+ CQHCE)/HLQ(I)

Continuity estimate

@6 - + | - < Cafleg b

8HHl(IxY) CEQHLQ(I;Hl(Y))
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|Analysis of coupled probleml

Schauder fixed point theorem applied to

— : — - ;Y 1
% S o Lo X =2, X =L0,t0;H'(Q)), 3<v<1
co —(c5.®8) ey
Combination of a priori estimates
< 1+ Ot
< C3+ C4HCO’

H‘Sﬂ(CO)HLQ(o to: HY(Q)) — | ED/HLQ(O,to;W(Q))

H HHﬁ(IL (Q)) Lo(IxSp)

= existence of solution for sufficiently small tg
to independent of initial data = existence of solution for arbitrary tg

Uniqueness of solution by combination of continuity estimates
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|Justification of homogenization IimitI

Solution of original model of scale «:

(UsapsaC;/) 3Z€—>R57 e ={(t,z)|t el xEQs(t)}
(cf,®c) 1 I x Sp — R?
Rescaling: &Y = e~ 1Y, €2 =<2¢2
Solution of two—scale model:
(’Uo,po,cg)ZIXQHRa (C§,¢O)IIXSOXY—>R2
Macroscopic reconstructions:

c§°(t,z) = Gt m,z/e), ®f(t,z) = Po(t,z,2/e)
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Assumption: Uniform (in &) bounds for
g, ®Pg N Loo(I x So, W (Y)) N Loo(I; Wi (So; Wi (Y)))
g in Lo(I; W2(Q)) N Lo(I; WL(Q))
V0 in Loo(1; WL(Q))
ey e2  inC( x8p)
ey, ec2 in C(I;CL(Sp))

Estimate of ve —vg, &Y —c§ on Z:

H (Esv - Cg) (tO)HiQ(QE(tO)) + [I(ve — ”0)(750)”%2(62560))

< 4 /to (””e ~v0llZ, (0. T [& - COVHing(t))) at

+ C’QHC8 + Cze

— C
O HLQ(ItO XSO)
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Estimate for &2 — ¢3¢, ®. — ®:

(6 = )]s + [0~

HLQ((O tg)xSo)

< Cl(HCs HLQ((O,tO)xSO) T H Ce HLQ((O,to)XSO)
- CD%HiQ((O,tO)xSO)) T e
Combination
Hca — 0 HLOO(I Lo(S0)) + H¢€ - CD%HHl(I;LQ(SO))

+ sup
tel

(H(Ca ~cp) (t)HLQ(QE(t)) + || (ve — UO)(t)HLQ(Qg(t))) < Cel/2
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