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Systems with many lo cal minima I

totalV    (X)

Magnetic domain w alls under in
uence of ran-

dom p erturbations, phase change phenomena,

dislo cation lines in crystals in the p resence of

obstacles...

Here: F o cus on a few "to y mo dels"

Sta rt with ODE-example:
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Convergence of energies:
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Systems with many lo cal minima I I
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Convergence of energies:

lim

� ! 0

V

�

( x ) = V

0

( x ) =

1

2

x

2

Gradients do not converge, there a re stable

equilib ria ("Pinning States") fo r

_x = � V

0

�

( x )

Limit of energy and limit of gradient 
o w do

NOT commute!



Systems with many lo cal minima I I I

totalV    (X)

"Escap e" from lo cal minima:

System subject to external fo rces and thermal


uctuations :

dX = � V

0

�

( x ) + F +

q

1 =� d W ( t )

F driving �eld, d W ( t ) thermal 
uctuations, �

inverse temp erature

Measure e�ective velo cit y on macroscale.



Systems with many lo cal minima IV

totalV    (X)

dX = � V

0

�

( x ) + F +

p

� d W ( t )

Fc F

velocity

temperaturewith
noise

zero 

E�ective velo cit y?



Systems with many lo cal minima V:

Thermal case

(with N. Grunew ald)

Blo w-up: dX

C

= C + sin ( X

C

) + d W ( t )

V

x

Sample X

C

( t ) at w ells � (2 Z + 1) : Let �

i

b e

�rst time it hits the left o r right neighb our of

X

C

( �

i � 1

) ) Ma rk ov chain Y

i

= X

C

( �

i

) :

Compute p

C

:= P ( Y

i +1

= Y

i

+ 1) > 1 = 2 and

E ( � ) from solution of "�rst exit p roblem,"

V

ef f

( C ) = lim

T !1

T

� 1

X

C

( T ) = (2 p

C

� 1) = E ( � ) :



Systems with many lo cal minima VI

No w: Zero temp erature

Rescale again and consider

_

X = sin( X ) + F :

F � 1 = F

�

: Stationa ry solutions

F > F

�

: Time-p erio dic solution

V

F<F*

F=F*

x



Systems with many lo cal minima VI I

E�ective velo cit y

V

ef f

= lim

T !1

X ( T )

T

Linea rize

_

X = sin ( X ) + F

a round X

0

= 3 � = 2 ; let F = 1 + 
 :

_

Y = 
 +

1

2

Y

2

; Y = X � X

0

:

Solution:

Y ( t ) =

p

2 
 tan

�

q

( 
 = 2) t

�



PDE-Mo del: The Energy

Study the follo wing functional: (Joint w o rk

with M. Lucia und M. Novaga)

G

�

( u ) :=

Z




"

� jr u j

2

+

W ( u )

�

+

1

�

�

f

�

x

�

�

�

u

#

d x;

f p erio dic, h f i = 0 ; � > 0 ; f symmetric under

re
ection at co o rdinate axis: ) Minimizer of

G on a cell is p erio dic, but not constant.

inf

H

1

(
)

G

�

( m; 
) ! �1 ) Reno rmalization:

F

�

( u ) = G

�

( u )

| {z }

tw o phases

+ j c

�

jj 
 j

| {z }

� pur e phase

Alternative F o rmulation (�-expansion):

�G

�

�

�
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(1 + o (1)) + �F

0



G

�

( u ) :=

Z
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� pur e phase

� < 1 ; o r � = 1 and additional conditions:

� � lim

� ! 0

F

�

( u ) = F

0

( u ) ( L

1

� metric )

F

0

( u ) =

8

>

>

<

>

>

:

Z




' ( r u= jr u j ) jr u j (d x )

fo r u 2 B V (
) ; j u j = 1 a:s:

+ 1 else

anisotropic surface energy , cf. Ansini-Braides-

Chiado Piat



� < 1 : sepa ration of scales: compute ' with

the help of a sha rp interface functional.



Key Lemma

No w: 0 < � < 1 : Blo w-up: �

� �

x ! x; �

1 � �

! �

e

G ( u; 
) :=

Z




 

� jr u j

2

+

W ( u )

�

!

d x +

Z




f u d x

If k f k

L

n

is small enough, and W "symmetric"

a round w ells, then

e

G has exactly t w o absolute

minimizers u

�

�

such that:

u

�

�

p erio dic ,

k u

�

� ( � 1) k

1

= O ( � )

e

G ( u; 
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P ( f u < s g ; 
) ds:



Consequence

Assume

lim sup

� ! 0

F

�

( u

�

) < 1 :

Then

(a) If u

�

! u in  L

1

(
) ; then j u j = 1 a.s.;

(b) There exists u 2 B V (
) with j u j = 1 a.e.,

such that (fo r subsequence)

k u

�

� u k

L

1

! 0 ;

Z




jr u j � C lim inf

� ! 0

F

�

( u

�

; 
) :



Time evolution/relaxation:

Surface gets stuck in lo cal minima!

Evolution fo rmally

V = c

W

� �

1

�

f

�

x

�

�

"Strong" fo rcing, f changes sign, ) Pinning!

Add external �eld: De-Pinning

Homogenization results: Bhattacha ry a/Craciun

and Lions/Souganidis (No change of sign, no

pinning)

Lattice mo dels: E.g. Cahn, Mallet-P a ret and

V an Fleck, Ca rpio and Bonilla



Pinning/De-Pinning

Here w e mak e simplifying assumptions:

Case 1 Surface is graph, linea rize a round plane:

u

t

= u

xx

� f ( u; x )

Surface: Graph of u ( x; t )

(x,u(x,t))
f(x,u)u

x

Case 2 Consider Allen-Cahn equation in 1 d



\Pinning" and \De-Pinning" of F ronts

(With A.N.K. Yip)

u ( x; t ) : R

n

� R

+

! R p erio dic in x solves

u

t

= � u + f ( x; u ) + F

f ( � ; � ) is 1-p erio dic in b oth va riables, su�ciently

regula r (b ounded), not constant in u and

Z

1

0

Z

1

0

f ( x; u )d u d x = 0

F � 0 : external driving fo rce.

Example: f ( x; u ) = sin( x ) cos ( u )



Pinning fo r small external driving fo rce

F o r F = 0 there exists a stationa ry solution.

Assume that it is stable .

Then there exists F

�

> 0 such that fo r any

0 � F � F

�

there exists a p erio dic stationa ry

solution u

F

; i,e. a space p erio dic solution of

� u

F

+ f ( � ; u

F

) + F = 0 :

Compa rison p rinciple: L

1

-initial data pinned.



Pulsating W ave fo r la rge driving fo rce

F o r F > F

�

; there exist pulsating w ave solutions

U

F

( x; t ) with velo cit y V

F

:

U

F

( x; t ) is p erio dic in x; solves

( u

F

)

t

= � u

F

+ f ( x; u ) + F

and has the p rop ert y

U

F

( � ; t + 1 =V

F

) = U

F

( � ; t ) + 1 :



Pulsating W ave fo r la rge driving fo rce

Compa rison p rinciple:

Pulsating w ave U

F

controls the asymptotic sp eed

fo r trajecto ries sta rting from L

1

initial data.

So its sp eed V

F

is the asymptotic sp eed of the

front.

Estimate V

F

?



Scaling of the sp eed fo r F nea r F

�

F o r F = F

�

stationa ry solution u

�

exists. Let

L ( u

�

) ' = � ' + ( @

u

f )( � ; u

�

) '; ' ( x ) p erio dic :

Then L ( u

�

) has p rincipal (simple) eigenvalue 0

with p ositive eigenfunction '

p

:

Under the non-degeneracy condition

Z

[0 ; 1]

n

'

3

p

( x )( @

2

u

f )( x; u

�

( x ))d x 6= 0 ( � )

w e obtain that

V

F

= A ( F � F

�

)

1

2

+ o ( j F � F

�

j

1

2

)

fo r a constant A dep ending on ( � ) :



Non-Degeneracy condition

A :=

Z

[0 ; 1]

n

'

3

p

( x )( @

2

u

f )( x; u

�

( x ))d x 6= 0

Energy in direction of p rincipal eigenfunction:

E ( u

�

+ s'

p

) = � s

3

A + o ( s

3

)

Sp ectral gap: Contraction in other directions



Setting fo r 1-d Allen-Cahn equation

(p erturbative regime)

v

t

= v

xx

�

1

2

W

0

( x ) + � ( g ( x ) + F ) ; x 2 R

where 0 < � � 1 ; g smo oth, 1-p erio dic, mean

zero, and W ( x ) is a double-w ell p otential.

End states: F o r � small, there a re exactly t w o

1-p erio dic stationa ry solutions close to � 1 :

F ront: Solution which connects the t w o end

states. (Convergence exp onentially fast)

As b efo re 0 < F � F

�

: Stationa ry front exists.



De-Pinning fo r 1-d Allen-Cahn equation

(p erturbative regime)

v

t

= v

xx

�

1

2

W

0

( x ) + � ( g ( x ) + F ) ; x 2 R

P erturbation a round � = 0 :

F o r � = 0 Instanton (standing w ave) m solves

m

xx

=

1

2

W

0

( m ) ; m (0) = 0 ; lim

x !�1

= � 1



De-Pinning fo r 1-d Allen-Cahn equation

(p erturbative regime)

Consider

h ( a ) = �

Z

R

g ( x + a ) m

x

( x )d x

("F o rce"), and assume h

00

(0) > 0 : ( m is the

standing w ave centered at 0)

Then fo r F � F

�

> C � and � su�ciently small:

There exists pulsating w ave U

F

( x; t ) such that

U

F

( x; t + 1 =V

F

) = U

F

( x � 1 ; t )

and

V

F

� �

p

F � F

�

:



Asymptotics of sp eed fo r 1-d Allen-Cahn

equation

( U

F

)

t

= ( U

F

)

xx

�

1

2

W

0

( U

F

) + � ( g ( x ) + F ) ;

U

F

( x; t + 1 =V

F

) = U

F

( x � 1 ; t )

Precise asymptotics fo r � ! 0 :

V

F

= �

�

�

q

� ( F � F

�

) + o

�

�

q

( F � F

�

)

�

;

� =

2

k m

x

k

2

2

mobilit y , � =

h

00

(0)

4 k m

x

k

2

2



Sk etch of the p ro of I

Ingredients:

� Compa rison p rinciple: Time evolution re-

sp ects o rder.

� P a rab olic regula rit y

� Sp ectral p rop erties of linea risation at

{ u

�

in the graph case

{ instanton m

x

in the Allen-Cahn case

� construction of sub/sup ersolutions



Sk etch of the p ro of I I

� Schauder's �xed p oint theo rem: Existence

of a solution of

u

t

= � u + f ( x; u ) + F

is kno wn, w e have to sho w existence of

pulsating w ave . Sho w:

u ! u ( x; T ( u )) � 1

has �xed p oint, where

T ( u ) := inf f t > 0 : h u ( � ; t ) i > h u ( � ; 0) i + 1 g

h v i =

Z

[0 ; 1]

n

v ( x )d x:


