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1. INTRODUCTION

We are going to investigate the equation
wi(t, ) = a (t)ugiyi(t, x) + f(t, ) (1.1)
in the domains
RxRY={(t,z) : t € R,z € R"}, RxR% = (RxRY)N(z' >0), R,.xR? R, xR%,

where a* are bounded measurable functions of ¢ € R satisfying the uniform ellipticity

condition:
K|N? > a7 (NN > 6|A% (1.2)

Equation (1.1) is understood in the sense of generalized functions only with respect

to z. In other words, say in the case of the whole R x R? by a solution of (1.1) we
1
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mean a function u(t), ¢t € R, taking values in the set of generalized functions on R

such that, for any ¢, s € R satisfying ¢ > s and test function ¢ € C§°(R?), we have

(ult), ¢) = (u(s).0) + / @ () (u(r), pus) + (F(r), )] dr-

The emphasis is on proving solvability in function spaces of Sobolev type with different
powers of summability p and g with respect to x and £. This issue arose from the theory
of stochastic partial differential equations in domains in Sobolev spaces with weights
and it turns out that, in this theory, the spaces with weights are the only reasonable
ones where to look for solutions to equations in domains. To illustrate this necessity
consider

U = Uy, in RY with w(0,2) = 0,u(t,0) = g(t),

where ¢ is a bounded nondifferentiable function. Then u,, cannot be continuous since

otherwise
t
0=u(t,0) —u(0,0) = g(t) — g(0) = / Uy (S, 0) ds.
0
This equation arrises from the SPDE

t
u(t,z) —u(0,z) = / Uz (S, ) ds + wy,
0

where w; is a one-dimensional Wiener process. Hence comes the need of weights.



3

Next, equation (1.1) will be considered in L,((0,7), L,)-spaces, so that the powers
of summability with respect to = and ¢ are different.

Surprisingly enough, to the best of my knowledge, the case ¢ # p was never addressed
before even for the heat equation in R x R? without weights. We could only find
references [1] and [12], where different powers of summability can be related to the
Cauchy problem in {t > 0} for f = 0. It turns out that in R x R? the result we need
can be obtained quite easily on the basis of a Banach space version of the Calderdn-
Zygmund theorem (see Sec. 2), which allows one to pass from ¢ = p to ¢ # p.

For equation (1.1) in Rx R% we impose zero boundary condition and look for solutions
in weighted Sobolev spaces with weights allowing the spatial derivatives of solutions to
blow up near the boundary ! = 0. Our results in this setting extend the corresponding
results in [5], where ¢ = p.

This time we again use the Calderén-Zygmund theorem starting with the results valid
for ¢ = p. However, in order to check the conditions of this theorem, we need some
nontrivial properties of the heat semigroup in weighted spaces, which we prove in Sec. 4.
In Sec. 5, this allow us to get the result for RxRZ, but only if ¢/ = 0 for j > 2. Usually,

if one proves a sufficiently strong result for the heat equation, the same or very close
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result can be proved for equations with variable continuous coefficients. However, in
the main application, which we have in mind, to stochastic partial differential equations
from filtering theory, the regularity of a* in time is hard to control. Therefore, we
always deal only with measurable coefficients and, in Sec. 6 after some additional work,
we prove our main result for equations in R x Ri in full generality.

The arguments of Sec. 6 are based on Lemma 2.5, which also allows us to give a
different proof of the result in R x R? by using the Marcinkiewicz interpolation theorem
rather than the Calderén-Zygmund theorem.

The proofs of part of the results are based on a general theorem saying, roughly
speaking that, whatever estimate is true for the heat equation, it is also true for parabolic
equations with coefficients depending only on time. This theorem is equally applicable
to Sobolev and Holder spaces.

Finally, it is worth noting that we also give results for the initial value problems. To

give the reader a flavor of our results in Rx Ri we state a particular case of Theorem 5.2.
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Theorem 1.1. Let p,q € (1,00), -1 <a<p—1,T € (0,00), and assume that

we are gwen a function f(t,x) defined fort > 0,z € Ri and such that

/OT (/R (:El)“!xlf(t,x)]pdx)q/p Jt < oo,

d
+

Then on [0,T] x F_ii there is a unique function u satisfying the heat equation
up=Au+f in (0,T)xR%,

vanishing for t = 0 and for ' = 0 in a natural sense and such that

[,

(2 [Jut, 2) /2 P + |ue(t, 2)|P + |2 v (8, 2)[F] d:c)q/p dt < oo.

d
Jr
2. MAIN RESULTS WITHOUT WEIGHTS

Here we consider equation (1.1) in usual Sobolev spaces. Theorem 2.1 is the main
result of this section. One of its proofs is based on the Calderén-Zygmund theorem. It

seems impossible to carry over this approach to the case of stochastic partial differential

equations. Another proof uses the fact that

]2 = /R Julw) - ulz)P e
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This allows us to reduce estimating the L,,,(L,)-norm of u(¢, ) to estimating L,-norm
of the function u(t,zy) - ... - u(t, x,) which happens to satisfy the heat equation in a
higher dimension space. It turns out that this device works equally well for stochastic

partial differential equations.

Define
Lu = a,ijuxixj — Uy, (2.1)

L,=L,(RY, H}=(1-A)"2L, H"=L(R, H)),

H(T) = Ly((0,T),H)), Li=H* LIT)=H*T).

It is well known that, for any s € R and f € C5°(R?), there exists a unique bounded
continuous function u(t,x) on [s,00) x R? satisfying Lu(t) = 0 for t > s with initial
condition u(s) = f. We denote

u(t) =Ts.f
and recall that, for each s and ¢, the operator T} is written as the convolution of f

with a Gaussian density. In particular, T, f is infinitely differentiable in z. Finally, for

f € C(R x RY), let

Rf(t) == /_t Teif(s)ds, Af:= D*Rf.



Also remember that, for f € C§°(R x Rd), the function Rf satisfies
LRf =—f.

Theorem 2.1. Let ¢,p € (1,00), v € R. Then the operator A is uniquely ex-
tendible to a bounded operator acting in H»*. If we keep the same notation for the

extension, then

|1D*Rflleys < N (0, d, ¢, p)I].f |l (2.2)

Let us emphasize that the constant N in (2.2) is independent of K (see (1.2)).

The following is a corollary of Theorem 2.1.

Theorem 2.2. Letq,p € (1,00), T € (0,00), and v € R. Takee >0, f € H}(T)
and uy € HJ”‘Q/W. Then in HJ*24(T) there is a unique solution of (1.1) with

the initial condition u(0) = wy. For this solution

[ltaa [y < N Hmpoery + Hvoll gyee-2rase), (2.3)

where N = N(6,d,q,p,T,¢), and if ug = 0, then N is independent of T. Finally,

if ¢ = p, one can take € = 0.



The following corollary of Theorem 2.2 is obtained by odd continuation of the func-

tions involved.

Corollary 2.3. All assertions of Theorem 2.2 hold true for v = 0 if we replace R?
with Rﬁir everywhere, assume that a =0 for j = 2, ...,d, and supplement equation

(1.1) with zero boundary condition at x* = 0.

To prove Theorem 2.1, we use the following Banach space version of the Calderdn-
Zygmund theorem. This a standard result which is discussed, for instance, in Chapter
1 of [10] and can be extracted from more general results of [1]. For a Hilbert space
version of this theorem in the form of multipliers along with a version of Theorem 2.1

for ¢ = p and different operators L we refer the reader to [9].

Theorem 2.4. Let F' and G be Banach spaces, p € (1,00), and A : L,(R", F) —
L,(R",G) be a linear bounded operator. Assume that if a bounded strongly measur-
able F-valued function f has compact support I, then, for almost any x ¢ ", we

have

Af(z) = . K(z,y)f(y) dy,
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where K(x,y) is a bounded operator from F into G, defined for x # y, strongly
measurable with respect to y with norm bounded in y outside any neighborhood of x.
Also assume that K(x,y) is strongly measurable with respect to x and there exists

a constant N such that

/ |\K(z,y) — K(x,2)|de < N
|[z—y|>2y—=|

for any y and z, which holds, for instance, if K(x,y) is weakly differentiable in y

and

IVyK(z,y)| < Nlz—y| "L,

Then the operator A is uniquely extendible to a bounded operator from L,(R", F')
to Ly(R",G) for any q € (1,p] and A is of weak-type (1,1) on bounded functions

with compact support.

The first proof of Theorem 2.1. In [3] a general theorem is proved which
roughly speaking says that, whatever estimate is true for the heat equation in translation
invariant spaces, it is also true with the same constant for equation (1.1) with the

coefficients depending only on t provided

(a”(1)) = (6Y).
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Therefore we may and will assume that a”/ = §”. Also assuming v = 0 does not
restrict generality.

Now we are ready to use Theorem 2.4. From Sec. 4.3 of [8] we know that A is
uniquely defined and is bounded as an operator acting in L,(R, L,). We are going to
check that A satisfies the assumptions of Theorem 2.4 with F' = G = L,,.

Observe the simple fact that, fort >0, k =1,2,..., and f € L,, we have
OT,f/0t = ATif and  [|0"T,f/0t"||r, < Nt™*||f|z,,
where N depends only on d and k. For t > 0 introduce the operator
K(t)=ATi: L, — L,

with norm bounded by Nt~!, where N is independent of ¢. For t <0, let K(t) = 0.

Since a’/ = §", we have

t
Rf(ta)= [ Teuf(s)(@)ds

In addition, if ¢ is at a distance from the support of f, then differentiating the above

formula presents no difficulties and we find

Af(t,:c):/ ATt_Sf(s,-)dx:/RK(t—s)f(s)(x)ds.

—00
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In order to prove that the assumptions of Theorem 2.4 are satisfied, it only remains to

use

10K (t = ) /05|, = [10°Ty—sf /05°||, It>s < Nt — 5| 72| f]|1,.

By Theorem 2.4, A is well defined and bounded as an operator from L,(R, L,) into
itself for 1 < ¢ < p. By considering the adjoint to A, we conclude that A is bounded
in L,(R, L,) for any ¢,p € (1,00). The theorem is proved.

To give a different proof of Theorem 2.1 we prepare two auxiliary results. The first
one is an equivalent restatement of the same basic apriori estimate used in the above

proof of Theorem 2.1.

Lemma 2.5. Let T < oo, p € (1,00), and u € Ly((0,T) x RY) = L&(T) be a
solution of the equation Lu = " with zero initial data and with f7 € L,((0,T) x

Tt

RY). Then
ullzry < N(d6,p) Y I lger-
ij
This lemma follows, for instance, from the results of Sec. 4.3 in [8] up to the fact

that there the results are stated for the heat equation or from Theorem 5.1 of [4] up

to the assertion that N is independent of T'. The later is obtained in a standard way
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by using self similarity. In almost the same form as stated this lemma is proved in
Appendix in [11].
In the next lemma we do the first step to considering the power of summability in ¢

equal to multiples of p.

Lemma 2.6. Let T < oo, p € (1,00), n = 1,2,.... Fork = 1,...n, let u* €

H2?(T') be solutions of the equation

k _ _ij, k k
uy = a’uyi; + f

with zero initial data and with f* € LE(T). Then

/0 HHAu Gl dt<NZ/ Hf |5 HHAU‘] Hp dt, (2.4)

JFk

where N = N(n,d,p,J).
Proof. Define v¥ = Au*. For X = (z1,...,7,) € R™ with z; € R?, define
V(t, X) =o' (t,z1) .- 0" (t, xp).

Observe that

Vi(t,X) =LV (t,X)+ F(t, X),



13

Where LV = ars(‘/m{mi + ...+ ‘/fomf,)r
F(tX) = MG X), Gt X) = fi(t ) [] 0/t ).
J#1

Hence by Lemma 2.5

V1L, 0.y creay < N Y NG00 xR

and this is exactly (2.4). The lemma is proved.

The second proof of Theorem 2.1. As in the first proof, we only have to
consider the case a”/ = ¢ and v = 0. Also obviously it suffices to prove (2.2) for
f € C°(R x R?). Without loss of generality we assume that f(t) = 0 for ¢ < 0.

Let w = Rf. Then u is a classical solution of
uy = Au—+ f

for ¢ > 0 with zero initial condition and, even more than that, u(s) = 0 for s < 0. In
addition, it is easy to check that u € L,((0,T), H}) for each T' < cc.

Next we take ¢ = np, where n = 1,2, .... By Lemma 2.6 applied to v* = u we have

T
n n—1
lueel oy < N [ IEOI lussOI
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which by Holder's inequality yields ||u..||r, 0,m).0,) < NI fllz.,07).L,)- By letting
T — oo we obtain (2.2).
To treat general ¢ > p, it suffices to use the Marcinkiewicz interpolation theorem.

As in the first proof, the case ¢ < p is considered by duality. The theorem is proved.

3. SOBOLEV SPACES WITH WEIGHTS

M® is the operator of multiplying by (x!)®, M = M.

D(R?) the space of all distributions on RZ.

Lys = H)y= LR, ()" dr).

If v is a nonnegative integer, the space H;e is

{u:u,z u,,. .. (@)D € L,y Va:|a| <~}

For negative v one may use duality and for all other ~ the complex interpolation.

One may think that it is natural to replace (2!)!®! with (z!)*1...
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Definition 3.1. TAKE AND FIX A NONNEGATIVE FUNCTION ¢ € C§°(R;) SucH

THAT

d e =1 VzeR

n=—oo

FOr v,0 € R, AND p € (1,00) LET ng BE THE SET OF ALL DISTRIBUTIONS u

ON R? SUCH THAT

(0.0}
iy, o= 37 ellue )l < oo.
P n=—00

Independence of (...

The space C3°(R?) is dense in H .

Theorem 3.2. (1) FOR ANY a > 0 AND «a € R,

)y, < " Nllully, < Nlfu(a)lf,

M ullgy, < Nllulla,,,, < NIIM*ul|g,,

|M Dul|g, + [|DMul|g, < NHUHH;;L

() Ir M~'u € H)y AND 6 # d —1,d — 1+ p, THEN

IMD?]| -2 < NYIM ul|, < N|[MD?ul] . (3.1)
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(1) LET p < AND ¢ > p BE SUCH THAT

y—d/p=p—d/g.

DENOTE
T=10q/p

(SO THAT 7/q = 0/p). THEN FOR ANY u € H, WE HAVE

uw € H!

ver Nl < Nllullas,.

(1v) ASSUME 7p > d AND REPRESENT 7 — d/p AS k + €, WHERE k IS AN
INTEGER AND ¢ € (0,1]. LET ¢,j BE MULTI-INDICES SUCH THAT |i| < k, |j| = k.

THEN FOR ANY u € Hg 9, WE HAVE

M Dy e ORY), MM DIy € ¢, (RD),

M2 Dl |ogay < Nl s,

[Mk+€+9/iju]C€(Ri) < Nllul|yp,o,

WHERE C°(R%) 1S THE ZYGMUND SPACE (COINCIDING WITH C¢(R%) 1F ¢ € (0,1)).
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Theorem 3.3. (1) WE HAVE
(Hl) =H)yy ~=-v, 1/p+1/p =1 0/p+0/p=d.
(1) For k € (0,1), p € (1,0), v:,60; €R, i =0,1,
0 =rbh +(1—k)by, ~v=rmn+(1-kK),

Yo Y1
WE HAVE [Hpﬂo’ Hpﬁ1

|k = H;e.
For constant b, ¢ define
Ly.= M?A+bMD; —c.

It turns out that the fractional powers of the degenerate operator —£; . can be defined

and

Hy = (—Ly.)"?L,.

b,
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Theorem 3.4. FOR ANY ~,v,p,0,b, THERE EXIST A CONSTANT ¢y > 0 SUCH

THAT, FOR ANY ¢ > ¢y, THE OPERATOR

(L) H;?;V — HY

p,0

IS BOUNDED AND, FOR ANY u € H;;L”, WE HAVE

ull2y4vp0 < NI[(=Loe) ullvpo < Nlull2yvp0- (3.2)
The main difficulty of the theory is that A and £, . do not commute.

Theorem 3.5. FOR ANY b,7,p, AND ¢, THE OPERATOR L} IS THE GENERATOR

OF AN ANALYTIC SEMIGROUP 7} ACTING IN H) .

Notice that, if d = 1, the theorem is quite simple. Indeed,
(D*+ (b—1)D)(v(e")) = (Lyov)(e"),

so that the properties of the semigroup related to £ can be easily obtained from the
well-known properties of the semigroup related to the operator D? + (b — 1)D with
constant coefficients. However, for d > 2, we do not know any easy way to deal with

Lyp.

Y
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4. SOME SMOOTHING PROPERTIES OF THE HEAT SEMIGROUP IN SPACES H;e

Let

D*=DAD%?

be a second order derivative operator, where [ € {0, 1}, Dill is the operator of taking
21 derivative in !, and D% % is an (2 — 20)th derivative with respect to z'.

Denote by T, the semigroup associated with the operator A in Rﬁlr with zero boundary
condition on {z! = 0}.

The following is a corollary of a general theorem, which shows that the solutions of
the Cauchy problem for equation (1.1) are “naturally smoother” than the initial data.
This result interesting in its own right plays a central role in Sec. 5 in proving solvability
of parabolic equations in weighted spaces.

For t > s introduce the operator Ts,t so that, for [ € Cgo(Ri), Ts,tf is the solution

of the equation

wy(t, ) = a (t)ugigi(t, x)

fort > s and z € RY satisfying u(s, ) = f(x) with zero boundary condition at 2! = 0.
One has a very well known representation of the kernel of Ts,t as the difference of certain

Gaussian densities.
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Corollary 4.1. Assume a¥(t) =0 for j=2,...,d. Let 1 < p < o0, o, 0,7 € R,
d—1—-2p<f<d—1+np.
Then, for anyt > s, we have
MDD, o, < Nt — )72 [ Mol

with N depending only on d,p,0,v,m, K, and .

5. EQUATION (1.1) IN RZ IN SPACES WITH WEIGHTS

Remember that the spaces ng and the operators Tsﬂg are introduced in the beginning

of Sec. 4 and before Corollary 4.1, respectively. Define

Ri(t) = / o f(s)ds, A= MDRM-S

—00
Existence and uniqueness results for equation (1.1) in (0,7) x RZ are based on the
following counterpart of Theorem 2.1. In this section we discuss Theorem 5.1 under

the additional assumption
adV(t)=0 j=2,...4d. (5.1)

postponing considering the general case until Sec. 6.
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Theorem 5.1. Let

pg€(l,00), 7€ER, d—1<0<d—1+p.

Then the operator A is uniquely extendible to a bounded operator acting in Ly (R, H;e).

If we keep the same notation for the extension, then

HMDzRM_lfHLq(R,H;G) < N(67 d7 q,D, 7)|’f’|Lq(R,H;9)' (52)

Proof. First we prove (5.2) for ¢ = p and f € C°(R x R?). Without losing
generality we assume that f(s) = 0 for s < 0. Then RM~'f is a classical solution of
Lu = —M~1f vanishing for t < 0 and on 2! = 0. Due to our restriction on ¢ and
Theorem 5.6 of [5] we have that indeed (5.2) holds for ¢ = p and f € C5°(R x R%). By
using the fact that C5°(R x R?) is dense in L (R, H),), we conclude that (5.2) holds
for ¢ =pand any f € Ly(R,H,,).

Below we also use Theorem 4.1 of [5], which says that

IMA [y, ~ [IMD* - ]y,
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in our range of 6. Therefore, instead of considering A we may and will prove the

theorem for
A= MARM™'Y.

Notice that, if f € C5°(R x R?) and ¢ is not in the support of f(s) as a function of s,

then T, M~ f(s) is infinitely differentiable in 2 and
— ~ t ~
Af(t) = MARM ' f(t) = / MAT, ;M f(s)ds. (5.3)

Moreover, the boundedness of A as an operator from Ly(R,H,),) to Ly(R, H),) and
poinwise estimates of the operator M AT, ; M~ show that (5.3) holds for almost all ¢
outside the support of f if f is a bounded Hgﬁ—valued function with compact support.

In other words, for those ¢,
A = [ Kt 9s)ds
where the operator K (t, s) is defined by the formula
K(t,s)h = L= MAT, ;M 'h.

Observe that by a general theorem, K (t, s) is a bounded operator from H;e into itself

with norm less than N|t — s|7!.
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Now we claim that A is a bounded operator from L,(R, H],) to L(R, H,) for
1 < g < p. Clearly, we may assume that the coefficients a/ are infinitely differentiable
as long as we can prove that the estimates on A are independent of smoothness of a%.
Then, owing to Theorem 2.4, to prove the claim, it suffices to show that the norm of
DK (t,s) as an operator in H), is less than N|t — s|72 with N depending only on
d,p,q,0,v, K, and §. But this is just the statement of Corollary 4.1 for « = m = 2.

Thus, A is a bounded operator in L,(R, Hgﬂ) for 1 < g < p. The same is true for
1 < p < g which is proved by using duality and the fact that the dual to H,is H
with 1/p+1/p'=1and 8/p+ ¢ /p’ = d, where ' runs through (d —1,d — 1+ ') as
0 runs through (d — 1,d — 1+ p). The theorem is proved.

Now we can state our main result regarding the solvability of (1.1) in (0,7) x RZ in

weighted spaces. Denote

Remember that the operator L is introduced in (2.1).
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Theorem 5.2. Let p,q € (1,00), T € (0,0), v € R,
d—1<0<d—14p, &>0.

Mf € HY(T), and M1 "u, € H;;L2_2/q+€. Then in MHZ:QQ’C](T) there is a

unique solution of equation (1.1) on (0,T) with initial data uy. For this solution
1M gy < MM Luliggry + Mol u(0) oo vire, (5.4)

where Ny = N(d,p,q,0,K,0,v) and Ny = N(d,p,q,6,K,0,v,T). In addition, if

q = p, one can allow € = 0, and then Ny is independent of T

6. THEOREM 5.1 IN THE GENERAL CASE

We need two lemmas, in the first of which no restriction on 6 is imposed. Remember

that Lu = a“uyii — uy.

Lemma 6.1. Letp € (1,00), n € {1,2,..},y>v, 0 e R, M lu € H", Mf €

H;f’"p. Assume u is a solution of Lu= f in R x RL. Then M 1u € Hy" and
IVl < NOIM Ll e+ Ml ), (61)

where N = N(d,n,p,0,v,v,0).
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Proof. Clearly (6.1) becomes stronger if v decreases. Therefore we may assume that

v = v — k, where k is an integer, and bearing in mind an obvious induction, we see

that, without loss of generality, we may let v = v — 1.

Now notice that

-1 np _ —1 np < np
HM uHH;:gp /RHM u(t)HH;,a di < N/R Hu(t)HH;e—p dt

s

€
MY ,yeeey My =—00

with m :=my + ... + m,,. Here

[fu(t, ™ )¢y < NYALult, e™ ),

=[](1 = A Afut, e )|

_ em(m—d)H()\m — A)Wz—lA[u(t}Cmm]fép’

where )\, = e"2" and (,,,(z) = ((e~™x). Furthermore, L(u(,,) = fm, where,

me - me + 2aiijxiumj + UCLllCmazlxla

and similarly to the above computation

O = A2t = e 0720 fut ™)

<HW/Twawwm%m,
Ri=1 3

(6.2)
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Therefore, by Lemma 2.6, which is obviously valid for R in place of (0,7), for any

mi, ..., My, we have

/ [T It ¢l dt
Rii=1
<N / Z 2|

Coming back to (6.2), we conclude

[ Fon (€™ e Tt e )1 d
JFi

| M~ uHHWgN/ ) |u@®)]|\ 1>pdt

where

o

F(t) = 3 O Fult, e o

m=—0oQ

y
Next we use (see [5]) that the operator M” is a bounded operator from H soto H)y o

and that MV is a bounded operator from H;e to H;;l. Then we find

F() <N 3 e £t e )l

NS e NS Ot em

m=—0o0 m=—0o0

< NI+ M@, + M a@lf, )

p,0—p

< NUIMFOI—e + a0 )

p,0—p
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< N(IMFOI 2 + 1M u®)l -

~y—1
Hpﬁ

Thus
Ml

B — n—1
< NE [ (MO + 10 a0l DI (o)l e

H)yt
and, to get (6.1) for v = v — 1, it only remains to use Holder's inequality. The lemma

is proved.

Lemma 6.2. Letp,q € (1,00),d—1 <8 <d—1+p, M~lu € H;:g, and M f € Lgﬁ.

Assume u 1s a solution of Lu = f in R x Ri. Then
1My, < NJIMLullys, (6.3)

where N = N(d,p,q,0).

REFERENCES

[1] A. Benedek, A.P. Calderén, and R. Panzone, Convolution operators on Banach space valued functions, Proc.
Nat. Acad. Sci. USA, Vol. 48 (1962), 356-365.

[2] M.A. Krasnoselskii, E.I. Pustylnik, P.E. Sobolevski, and P.P. Zabrejko, “Integral operators in spaces of summable
functions” , Nauka, Moscow, 1966 in Russian; English translation: Noordhoff International Publishing, Leyden,

1976.



28

3]

[9]

[10]

N.V. Krylov, A parabolic Littlewood-Paley inequality with applications to parabolic equations, Topological Meth-
ods in Nonlinear Analysis, Journal of the Juliusz Schauder Center, Vol. 4, No. 2, (1994), 355-364.

N.V. Krylov, An analytic approach to SPDEs, pp. 185-242 in Stochastic Partial Differential Equations: Six
Perspectives, Mathematical Surveys and Monographs, Vol. 64, AMS, Providence, RI, 1999.

N.V. Krylov, Weighted Sobolev spaces and Laplace’s equation and the heat equations in a half space, Comm in
PDE, Vol. 24, No. 9-10 (1999), 1611-1653.

N.V. Krylov, Some properties of weighted Sobolev spaces in Ri, Annali Scuola Normale Superiore di Pisa, Sci.
Fis. Mat. Serie 4, Vol. 28 (1999), Fasc. 4, 675-693.

N.V. Krylov, Some properties of traces for stochastic and deterministic parabolic weighted Sobolev spaces, sub-
mitted to Functional Analysis.

0O.A. Ladyzhenskaya, V.A. Solonnikov, and N.N. Ural’tceva, “Linear and quasi-linear parabolic equations”,
Nauka, Moscow, 1967 in Russian; English translation: American Math. Soc., Providence, 1968.

W. Littman, C. McCarthy, and N. Riviere, LP-multiplier theorems, Studia Math., Vol. 30 (1968), 193-217.
E.M. Stein, “Harmonic analysis: real-variable methods, orthogonality and oscillatory integrals”, Princeton Univ.
Press, Princeton, NJ, 1993.

D.W. Stroock and S.R.S. Varadhan, “Multidimensional diffusion processes”, Springer Verlag, Berlin-New York,
1979.

P. Weidemaier, On the sharp initial trace of functions with derivatives in Ly,(0,T; L,y(€2)), Bollettino U.M.I. (7),

9-B (1995), 321-338.



